Journal of Applied
Mechanical Engineering

Garziad and Saka, J Appl Mech Eng 2017, 6:4
DOI: 10.4172/2168-9873.1000284

An Overview of the Main Topics and Applications of Graph Theoretic

Problems in Multiphysics Engineering

Garziad M* and Saka A

Engineering Systems and Applications Laboratory, Sidi Mohamed Ben Abdellah Universiy, Fez, Morocco

Abstract

Graph-theoretic concepts are mostly used to study different applications in various areas such as electrical and
mechanical engineering, generally multi-physics systems. The interest of researchers on this theory has importantly
increased in the last decade. The main goal of this paper is to provide an overview of the use and applications of graph
theoretic concept in modelling and analysis of systems in different fields. Therefore, the research topics discussed
in this review are going to respect all the mentioned domains and the countries that apply this theory formulation in
addition to the community of researchers who are identified by their publishers.
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Introduction

The physical modelling plays a significant role in representation
and analysis of engineering systems. One of the important domains
in physical modelling was the graph theoretic concept. This well-
known theory invented by the famous Swiss mathematician Leonhard
Euler during 1707-1783, and it has been combined with principles of
physics to develop algorithms for formulating the dynamic equations
for multidomain systems. In literature, the first extensive development
of systems started with the famous unsolved problem of his days; this
issue was called “The Konigsberg Bridge Problem”. Nevertheless, Euler
in 1736 solved this problem by showing that it was impossible and laid
the foundations of graph theory. In point of fact, the graph theoretical
concepts are widely used to study and model various fields. They include
computer science, electrical engineering, mechanical engineering and
multibody system, flexible multibody, vehicle dynamics and multi-
physics problems. This paper examines theoretic foundations and
concepts of graph-theoretic modelling (GTM) to provide an overview
of the use and applications of graph theoretic concept in modelling and
analysis of systems in different fields. The paper is organised as follows:
After this introduction, Section 2 gives a background of graph theory
concept. Section 3 illustrates how graph theory is utilised in various
domain of engineering applications.

Section 4 provides a statistical of paper related to graph theoretic
published from 2000 to 2016. Last but not least, the review takes into
consideration the research topics with referring to the discipline and
the origins of their authors who worked in this theory formulation.

Overview of Applications of Graph Theory

Definitions and terminology

A graph G is a pair G = (V, E) consisting of a set V of vertices and
a set E of edges such that EVV. Graphs are amenable for a pictorial
representation of a system using two basic components vertex and
edges. It exists di erent methods of drawing the system graph and in the
obtaining of the topological equations [1-5]. The vertex is represented
by a dot while the edge is represented by a line segment connecting the
dots associated with the edge. A graph is a set of connected lines. The
lines represent symbolically the element of the system, the primary task
of constructing a graph of the system is a simple line segment, the line
segment is sometimes oriented to indicate the reference direction of
element e ort and ow variables in multiphysics modelling [6-8]. Graph-

theoretical modelling represents physical systems using a set of nodes
and connecting edges. In mechanical systems [9], the nodes represent
reference frames and edges represent transformations between
reference frames. In the electrical engineering [4], a circuit is drawn as
a set of connected edges to forms a graph from which Kircho ‘s laws can
be stated in concise algebraic form.

Through and across variables

The energy domain in which an edge exists dictates the physical
meaning of it’s through and across variables, as shown in Table 1. In
the electrical domain, through variables are currents, and across
variables are voltages. In the mechanical translational domain, through
variables are forces and across variables are positions, velocities, and
accelerations. In the mechanical rotational domain, through variables
are moments and across variables are angles, angular velocities, and
angular accelerations. In the hydraulic field, through variables are ow
rate and across variables are pressure. In the thermal field, through
variables are heat ow and across variables are Temperatures. The Across
variables represent quantities measured by a device in parallel with the
edge, whereas through variables represent quantities measured by a
device in series with the edge.

Numerical formulation vs. symbolical formulation

A symbolical or numerical formulation approach can be used
during the formulation stage to generate the governing equations that
describe the system (Table 2).

On the one hand, the numerical approach will construct numerical
matrices that represent the system at a given instant in time. These
matrices are numerical by nature, and thus, they require to be re-
construct at each time step. On the other hand, a symbolical formulation
method will produce the governing equations in the form of symbolic
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Physical Domains Across Variables Through Variables Storage Elements Dissipative Elements
Mechanical Rotational Angular Velocity Torque Inertia Damper
Mechanical Translational Translational Velocity Rotational Velocity Mass Spring Damper
Electrical Voltage Current Capacitor, Inductor Resistor
Hydraulic Pressure Flow Rate Capacitance, Inertance Resistance
Thermal Temperature Heat Flow Capacitance Resistance
Table 1: Analogies variables used in graph theory.
Years 00 01 02 03 04 05 06 07 08 09 10 1" 12 13 14 15 16
Vehicle Dynamics 1 1 3 -- -- 2 - 1 2 -- 1 -- 1 -- 1 -- 3
Flexible Multi-Body 1 1 1 - - - - - - - -- - - - -- -
Electrical Engineering - - - -- - 1 -- 1 - 1 - -- 2 2 2 2 8
Mechatronics Engineering 2 1 1 3 3 1 1 1 - - - 1 - - -- 4 5
Mechanical Engineering 1 1 -- -- 2 1 4 1 - - 1 1 - 1 1 -

Table 2: Research topic.

mathematical expressions that illustrate the system for all time. This
later approach that is utilised for generating the system equations is
based on relationships is denied by a graph. The formulation techniques
connect the equations of the component with its topological equations
obtained from the system graph to generate the symbolic equations.

Research Topics

The purpose of this section is to introduce the theoretical ideas of
the graph in various kind of engineering like as electrical engineering,
mechanical engineering, and multiphysics engineering. It also gives
some important solved problems that are related to this concept. In
the following subsections, the research topics will be described in more
detail:

Mechanical and multibody systems

Graph-theoretical modelling (GTM) of mechanical systems is still
a substantial problem, particularly, in the design of an appropriate
model of multidimensional systems. The fundamental objectives of
graph theoretic concept in mechanical context are the description of
components and the interconnections between them, and also for self-
formulation of governing equations. Graph theory is a powerful tool
to describe a dynamic of multibody systems by automatic generations
of motion equations. Different procedures exist in the review of
the literature. The aim of them is to generate dynamic equation
[5]. These equations are formulated typically by five simple steps.
Graph-theoretical modelling for mechanical and multibody systems
context draw a system using a set of nodes and connecting edges.
Moreover, the nodes represent body fixed reference frames; then the
edges represent all the physical entities of the system such as masses,
forces, joints, and spring-damper connecting. The edges in the linear
graph have a set of constitutive equations that represent the physical
behaviour of the component. The multibody systems can be modelled
using several coordinate schemes. The absolute coordinates are one of
the easiest of choices. Nonetheless, the capabilities and the efficiency
of the graph-theoretic method are not demonstrated by the absolute
coordinate formulation. The general motion of any rigid body can
be represented by the combination of purely translational and purely
rotational motions. However, the combination of the translational and
the rotational motion simultaneously show a problem in the modelling.
In literature, the concept of graph theoretic was used to study some
mechanical systems such as planar mechanical systems, a simple,
double and triple pendulum which is driven by gravity, planar slider-
crank, and Quick-Return mechanism. Moreover, the several symbolic
and numeric formulations of this applications have been developed
simultaneously a description of the systems components as well as the

interconnections between them. Additionally, the production of these
equations describes the motion of these systems. A multi-dimensional
system in graph-theoretic modelling approach, based on Vector-
Networks was introduced and investigated by Li [10]. This method
employed a combination of topological equations obtained from
linear graph theory and vector dynamics to formulate the governing
equations of motion for multibody systems. In the twentieth century,
many researchers in the multibody system such, Horace Trent [11],
and others extended the graph theory to model mechanical systems
by combining linear graphs with the set of constitutive equations that
represent the physical behaviour of system components.

Dunlop and Khajepour [12] illustrated how graph theory was
used in formulating and producing the dynamic equations of the drive
belt pully mechanism. In fact, the system equations are formulated
regarding hybrid branch-chord.

Banerjee and McPhee [13] introduced a new concept of modelling
the multibody system by applying a graph-theoretic formulation to
perform sensitivity analysis. In other words, they formulated a new
method that contains all steps to generate an efficient sensitive equation
for simulation of the pendulum. As a result, the developed formulation
obtains both the sensitive equation and the ordinary equations.

Sherman [5] used a graph theoretic to develop a new methodology
for modelling and analysing the gears, gear trains, and geared systems.
He utilised the notion of cutset and circuit topologies for formulating
the equations of motion of epicyclic gear systems.

Sreeram [14] presented a new technique to analyse and simulate the
parametric design in torsional vibrating systems by using the graph-
theory based technique, then the system’s properties were modelled by
a directed graph. The theory of qualitative and quantitative influences
was also used to develop a technique which predicts the direction of
change and accurate estimates of parametric values. This approach
developed of graph theory was just a complementary to classical
methods and conventional finite element method.

Venkata Rao [15] utilised a graph theory and matrix approach to
illustrate a general method-ology for material selection for a given
engineering component. The concept was developed by taking into
account an index that evaluates the material for the component, also by
considerate the material selection factors and their relative importance
for the application.

Mathieu and McPhee [16] utilised the graph theory in order to
represent and describe the topology of the mechanical system. In other
words, he developed a new approach which is related to the Formulation
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and Selection coordinate based on a series of heuristics. The idea aimed
to minimise the number of coordinates which produces models with
faster simulation times. He proposed a method that applied on two
mechanisms demonstrate the efficiency of it.

Joydeep Banerjee [17] focused on his research on using graph-
theoretic formulations to develop an automated algorithm for the
generation of sensitivity equations. He developed a software module
which can derive the system equations and the sensitivity equations
directly from the linear graph of the system. He also proposed an
algorithm method that used direct differentiation to generate sensitivity
equations at the component level and graph-theoretic methods to
assemble the equation fragments to form the sensitivity equations.

Serge [9] used graph theory to model a mechanisms topology for a
given mechanism. This approach concentrated on using a linear graph
to de ne the coordinate set based on spanning tree. He developed two
tree selections algorithm that enables to estimate the coordinate set that
produces models having the fastest forward dynamic simulation times.
Willem Peterson [18] provided a general overview of the application of
graph theory in modelling multibody system.

Redmond and McPhee [19,20] introduced an automated
formulation that models multibody kinematic and dynamic equations
regarding indirect coordinates. The novel formulation was accomplished
by collecting fundamental principles of classical mechanics with linear
graph theory and the concept of a virtual joint between any two bodies.
As a result, he illustrated the possibility of adding virtual joints to
mechanisms modelled using a graph theoretical approach.

Uchida [21] demonstrated a new formulation for the automatic
generation of systems of kinematic and dynamic equations using linear
graph theory that fits real-time applications of several mechanical
systems. The proposed approach targets the insertion of a technique
that eliminates the Lagrange multipliers from the dynamic equations
and obtains the ordinary differential equation for each independent
acceleration.

Ling Xue [22] presented state of the art about the application of
the graph theory in the representation of the modelling of a basic
epicyclic gear train. Hence, they gave a review article about a method
of kinematic and static force analysis that is based on the concept of
fundamental circuit corresponding.

Banerjee and McPhee developed a formulation able to generate
governing equation for dynamic systems in a flexible multibody.
Further, they demonstrated through an example the applicability of
graph-theoretic methods to represent and generate the dynamic and
sensitivity equations for a given system.

Jain [23] used the concepts of graph theory to get a better
understanding of the mathematical foundations of multibody
dynamics. He shed light on the clarification of graph theoretic structural
properties of spatial operator techniques in multibody dynamics In the
end, he exploited these structural properties for developing a broad
spectrum of analytical results and computational algorithms. Also, he
introduced the notion of graph adjacency matrices and generalised it
to de ne block-weighted adjacency matrices of the digraph adjacency
matrices [24].

Vehicle dynamics

This subsection discusses and analyses the available literature
and existing research in the vehicle dynamic field that is relevant to
the current overview. In fact, there are only some few papers that use

graph theory in the context of modelling and analysing the dynamic
of the vehicle. One can consider the vehicles as a complex mechanical
system where the edge can contain a set of constitutive equations that
represent the physical behaviour of some component of the vehicle.
This concept was used to represent some component of the vehicle,
such as the torque converter for a Four-Wheeled vehicle and the tire
and its interaction between the road in real time. The modelling of a
full vehicle utilising Graph Theoretic Modelling was not yet treated
regarding the complexity of modelling of the component of the vehicle,
and also the energy ow exchanged between the different components.
Consequently, it is a di cult task to apply the steps of generating the
system of equations by employing GTM. The most problem of vehicle
motion, especially the contact tire-road represents a subject of high
interest to researchers because it plays an important part in safety [25].

William et al. [25] proposed a new method that enables to improve
the computational efficiency and to analyse motion of wheels on
three-dimensional roads. It was accomplished by creating a technique
to combine tires using a linear graph that represents the interaction
between tire and road. They formulated an approach that constructs
the governing equations by using a symbolic formulation.

Schmitke et al. [26] combined graph theory and the principle of
orthogonality to represent and to calculate the tire forces and moments.
Moreover, the governing equations of the vehicle were generated with
the symbolic formulation procedure based on linear graph theory. They
integrated a tire model into the symbolic computer implementation
which is used to create real-time simulations of vehicle dynamics. The
tire component forms a list of symbolic expressions for significant tire
variables, such as inclination and slip angle, etc.

Banerjee and McPhee [27] used a linear graph to model and to
analyse the torque converter for an automotive. This component
combines a hydraulical and mechanical field. Their goal was to generate
a governing equation of torque converter in symbolic form, the system
of equations simulated in a symbolical environment and compared
with a conventional modelling method to demonstrate the efficiency
of this concept.

Belkaloul [28] presented research that focuses on modelling of the
vehicle with a trailer. So, he combined the method of vector network
and the concept of a multibody system to model a vehicle trailer
with six degrees of freedom and in the three-dimensional context.
He developed, therefore, the differential equations that describe the
motion of the vehicle.

Al-Hakim et al. [29] employed graph theory to represent a product
and define the relationships between its components. They used the
graph-theory concepts to visualise the energy flow and its application
to design some components such as sliding gears, clutches, overrunning
clutches, and fly wheels.

Vogt et al. [30] described a unified modelling of an electric vehicle
utilising graph-theoretic modeling. The study was based on maple/dyna
ex software for formulating and simplifying the governing equations of
the electric vehicle.

Morency [31] studied a symbolic formulation procedure based
on linear graph theory and the principle of orthogonality to generate
governing equations for vehicle systems. They developed it into
DynaFlexPro, which is a package that is known as DynaFlexPro/Tire.
The tire component was used to simulate a vehicle dynamic. The aim
of this development was to ensure a combination of DynaFlexPro and
DynaFlexPro/Tire for constructing a model of any vehicle topology.
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They also de ned a list of intermediate variables that describe tire forces
and moments as well as many other variables.

Reza and Murray [32] proposed a framework for formation
stabilisation of multiple autonomous vehicles in a distributed fashion.
Thus, they introduce a class of graphs that are more convenient for
dealing with control of systems consisting of multiple agents. The
goal was to find a distributed structural stabilisation of formations of
multiple vehicles, regarding the state of the other vehicles, the graph
theory was used to represent the multi-agent formations.

Reza and Murray [33] studied a three-dimensional analysis of
vehicle stability using graph theory. Hence, they conducted their
research in a semi-rigid vehicle supported by four tires in a planar
curvilinear trajectory. Precisely, they proposed a direct coupling graph
that represents the different forces and moments developed in contact
road-tire and also vehicle body- tire. The lateral stability was evaluated
through the static stability factor.

Reza and Murray [33] provided a graph theoretical framework to
de ne formally the formations of multiple vehicles. Accordingly, they
introduced new properties of minimally rigid graphs that compose the
graph to smaller rigid subgraphs that help to construct a larger rigid
graph, and they included a formal representation of split, rejoin, and
recon guration maneuvers for formations of multi-vehicle systems.
Additionally, they clarified the important role of graph rigidity and
minimally rigid graphs in the construction of structural potential
functions and manipulation of multiple formations.

Domotor [34] purposed a model that analyses the structure
automotive supply chain networks by combining the theories of network
and theories for traffic systems. The graph theory used to describe
supply chain network where the nodes are suppliers, distribution
centre nodes, warehouse nodes and the client node and the edges are
representing the relationships between organisations.

Tanveer [35] presented the application of graph theory in modelling
traffic controls problems in terms of vertices and edges. Particularly, he
focused on minimising the waiting time of the traffic participants. The
main idea was to determine the exact locations where the sensors have
to be placed which minimises the total cost and the complete data of the
traffic problem using the edges given by the edge connectivity and the
vertices given by the vertex connectivity.

Laerriere et al. [36] illustrated a new method for decentralised
stabilisation of vehicle formations using techniques from algebraic
graph theory. The exchange of information of vehicles according to a
pre-specified communication through a directed graph. In fact, they
have demonstrated the close connection between spectral graph theory
and one of the current methods of control of vehicle formations.

Gonzalez and Morgans [37] analysed and examined the stability of a
formation of vehicles where the ow of information between vehicles can
be changed drastically over time using the concept of graph theoretic.

Fax and Murray [38] introduced the notion of a communication
graph. They proposed an averaging feedback law based on the ow of
information. In fact, they combined graph theory and control theory
to study stability criteria for vehicle formations. The interconnection
between vehicles was modelled as a graph.

Cheng et al. [39] employed the graph theory to analyse and to study
the efficiency of the power coupling mechanism for tracked vehicle
transmission. Accordingly, they derived the system of equation using
the graph theory.

Flexible multibody

The studies that have been achieved on the flexible multibody field
combine a linear graph theory with the principle of virtual work. The
main idea of graph theoretic in the flexible multibody field was about
self-formulate and automatic generation of kinematic and dynamic
equations. The dynamic systems were modelled by a linear graph in
which nodes represent reference frames on rigid and flexible bodies;
moreover, the edges illustrate the connection between components [40].
A notable feature of this formulation is that the users can choose the set
of coordinates appearing in the equations of motion, by just selecting
the spanning tree for the linear graph. This set can include absolute
joint and elastic coordinates. The equations of motion are automatically
generated regarding the corresponding branch coordinates. The graph-
theoretic modelling (GTM) methods were extended to the analysis of
some systems such as a thin flexible plate, Euler-Bernoulli beams, and
planar four-bar mechanism. The first application of this approach in
Flexible Multibody was created by Shi. Accordingly, they combined
a linear graph theory with the principle of virtual work to obtain the
dynamic formulation that describes the system. The system modelled
by a set of nodes and edges, in which the nodes represent reference
frames on flexible bodies, while edges represent components that
connect these frames. Therefore, they used the DynaFlex package of
Maple software to produce automatically the equation of motion for the
planar slider-crank system. Richard et al. [40] treated the problem
of modelling the flexible multibody systems by integrating the linear
graph theory with the principle of virtual work and finite elements.
Further, they studied thin exible plates for multibody systems.

Shi and McPhee [41,42] gave a new contribution in the studying
and the development of the dynamic formulation. They also combined
linear graph theory with kinematics and the principle of virtual work.
As a result, a formulation has been implemented using maple software
environment; which automatically generates the equations of motion
for complex mechanical systems such as two-link and spatial flexible
slider-crank.

Electrical systems

The application of graph theory for the electrical systems is still
one of the most applications that are used in electrical network theory
[43,44]. It has played a fundamental role in the examination and
modelling the properties of the electrical network. The graph theory
describes the electric network by drawing an equivalent graph that
shows the network and solves some problems related to the electrical
network by using a set of graphs, matrix theory, and Kirchho law. In this
context, Kirchho has been the first one to use graph theory in electrical
network theory and modelling. In fact, he employed graph theoretical
concepts for characterising an electrical network. In other words, the
electrical network is a collection of components such as resistors,
inductors, capacitors, etc. The representation of the equivalent graph of
the circuit network was one of the important tasks that study and analyse
the electrical network. The electrical network in the theory of graph was
formulated in terms of two variables, which are called current i(t) and
voltage v(t). The main goal of this approach was to generate a suitable
mathematical model of the electrical network and to de ne the relations
that govern the interaction of these elements. Physically speaking, the
graph theoretic concept in network problem examines and predicts the
behaviour of a system of interconnected physical elements regarding
the characteristics of this latter. Too, it treats the way in which these
elements are interconnected.

Holmgren [43] introduced the concept of graph theory in the
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analysis of electrical network and how the performance of the network
can be a ected by the elimination of edge and vertice. The aim of his
research was to model the electric power delivery networks as graphs.
In fact, he concentrated on two power transmission namely Nordic and
Western states.

Manjula introduced an essential introduction to graph theory
application into network analysis. He gave a background on basic
principles of electrical circuits to design a practical circuit using the
concept graph theory. Additionally, he tried to show that solving some
problems need to draw an equivalent linear graph [44].

Oepomo provided a methodology on how a graph theory and topology
can be utilised to construct a Z-loop matrix. He took into consideration a
faulted 3 phase power system. As a result, an algorithm construct Z-loop
has been developed, that enables to construct Z-loop without generating
loop incidence matrix for network circuit analysis [45].

Mezentsev [46] presented and developed a new automated discrete
graph-theoretic model method for global mesh optimisation via nodal
movement. In fact, the mesh is considered as an electric system. He
suggested two main methods: the first one is to use a direct derivation
of mesh optimisation model using primitives, and the second one was
to employ multipole components. Both methods are based on a new
correspondence between the structure of finite element stiffness matrix
and the structure of the graph-theoretic M-matrix [47].

Berdewad and Deo [4] presented an overview of the application
of the graph theory into a circuit network and how to draw electrical
network by using this concept.

Felix et al. employed the concept of graph theory to compute and
identify the contributing factors of individual generations and loads to
the line flows appropriately. In fact, the vertices are used to model the
system buses and the edges to represents the lines and transformers.

Werho et al. utilised the graph theory to analyze and to identify
maximum ow transported within a directed graph in the network
during real time [48].

Lanjewar et al. [49] developed a decision-making methodology by
combining the graph theory and analytic hierarchy process methods to
select and to evaluate the selection of energy technologies. The method
proposes a graphical visualisation of different attributes and their
interrelations in the form of a digraph model that helps to understand
the complexity of the problem at a glance. Chitra and Nanjundappan
employed the graph theory to identify the optimal power ow control
of power transmission networks. A process of loop identification based
on graph theory was utilised to ensure that each loop contains at least
one active source [50].

Fax et al. in gave an overview of the methodology of graph theory
matrix approach and its applications. More specifically, they presented
the efficiency of graph theory matrix approach in various fields of
science and technology [51].

Shafeeque et al. [52] presented a comparison of four loss allocation
methods of graph theory based on loss allocation method over the
other existing methods like proportional sharing, Z bus and modified
Z bus loss allocation.

Bajpai et al [53] introduced a new methodology in the term to
quantification resiliency and to maintain power supply to critical loads
during extreme contingencies. The evaluation of the power distribution
system has been de ned as a multi-criteria decision and its quantified
using graph theoretic approach and Choquet integral [54].

Sun et al. [55] introduced a directed graph based method to mark
carbon ow in power systems [56-83]. Abdullahi [79] focused on the
application of graph theory in the electrical circuit. Specifically, he drew
a circuit network in the concept of graph theory which facilitates the
formulation of the adjacency and the incidence matrix by using matrix
method.

Rajeswaran et al. [56] proposed a new approach for Phase
Identification in Smart Grids Using Graph Theory and Principal
Component Analysis in which the phase connectivity problem was
solved.

Loh et al. [57] presented the concept of graph theory and their
associated applications in di erents networking eld. As a matter of
fact, the graph representation in technological fields are discussed and
analyzed.

Elmqvist and Mattsson [58] developed a unified methodology
to describe and analyze network topology. They utilized the linear
graph to facilitate the modelling and the development of equations in
symbolic form.

Mechatronic systems

Graph-theoretic modelling has been applied to the model in an
easy way some mechatronic systems. In fact, this domain combined
electrical, mechanical, and hydraulic systems. The components in
this field can be represented by a single linear graph. Moreover, this
approach facilitates the modelling of mechatronic multibody systems.
The graph simplifies the understanding of the interactions between all
the components within and across energy led cited above. Thus, the
graph-theoretic formulation offers a significant flexibility concerning
the systems modelling variables. The system of equations, which
describes the multidisciplinary domain, can be generated easily with
the application of graph theory formulation. Moreover, the system level
dynamic equations can also be derived independently of the energy
domains. So, the researchers of this domain have to think about two
significant problems which are: considering independently the relation
equations according to various subjects, and then coupling the variables
belonging to

different fields. In fact, the model examines the behaviour of the
component independently of how it is connected to the rest of the
system. Concerning the mechatronic engineering, there are a lot of
studies that have been conducted [59].

Han et al. illustrated the application of the linear graph to model
a two-port element like an ideal transformer and gyrator. In actual
of fact, they treated the representation the process of transmitting
and converting energies between two different fields. Thus, the graph
element includes a direct connection between the across and through
variables that are associated with each branch of the graph. They also
introduced methods to derive a set of state equations for some systems
such as rack and pinions, ball screws, motors pump, compressor, etc.

Schmitke and McPhee [60] presented an extension of linear graphs
to the modelling of mechatronic multibody systems employing the
concept of graph theoretic. Consequently, they modelled mechatronic
multibody systems by using the equivalent subsystem components. They
focused on allowing a group of the component that contains internal
degrees of freedom and/or internal constraints to be modelled as single
components. In fact, they tried to facilitate the modelling of mechatronic
multibody systems, furthermore, the coupled equations of the electrical
and mechanical subsystems are self-formulated and self-generated in a
symbolic form by using a package of maple known by Dyna ex.
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Scherrer and McPhee [61] in utilized the graph-theoretic to
formulate and to model the electromechanical multibody systems.
In fact, the electromechanical system is represented by a single linear
graph that contain a set of constitutes equations. In other words, linear
graph theory was used in order to generate the system of equations
in the manner that is well-suited for computer implementation; the
efficiency of this concept was demonstrated using two examples of
electromechanical system.

Papadopoulos et al. [62] used linear graph theory to model an
electro-hydraulic articulated forestry machine. The system includes
both 1D (electrical, hydraulic, etc.) and 3D (mechanical) components.
They developed different formulations that are used to generate the
equations stemming from the 1D and 3D parts of the system.

Diaz et al. presented a new methodology for deriving the dynamic
equations of mechatronic systems from component models. These
components can be drawn by a single system graph. Moreover, the
graph captures the interactions between all the components within and
across energy domains - Rigid-Body mechanics, electrical, hydraulic,
and signal domains, the dynamic system of equations can be derived
independently from the underlying energy domains [63].

Schmitke et al. mentioned in their approach a unified formulation
to generate systematically the governing equations of multi-domain
systems in a symbolic form. They combined three concepts which are
the principle of orthogonality, the principle of virtual work and virtual
power. The formulation developed provides a significant flexibility
with respect to the systems modelling variables. This permits the user
to present the mechanical portion of the system using joint, absolute,
absolute angular, or some hybrid set of coordinates.

Schmitke and McPhee [64] presented a procedure to model
multibody systems using the subsystems method. This method applies
to the extension of linear graph theory to produce the subsystem
models.

McPhee et al. employed graph-theoretic modelling to present the
system topology in order to obtain an e cient formulation for the system,
they had integrated classical mechanics with linear graph theory and
the concept of the virtual joint between any two bodies to formulate
and generate multibody kinematic and dynamic constraint equations
thereby allowing indirect coordinates. Special topologies like parallel
manipulators were exploited by subsystem modelling approach.

Dao and McPhee [65] introduced a new modelling the
electrochemical systems based on graph theory. They combined
chemical, electrical, and thermo-dynamical processes. The goal behind
this work was to employ a circuitry representation, branch and chord
transformation techniques to generate automatically the dynamic
equations of the system.

Desai [66] treated the fundamental issues underlying the control
and coordination of multiple autonomous robots. In fact, they presented
the problem of modelling a formation of nonholonomic mobile robots
and developed a conceptual framework for transitioning from one
formation to another. Also, they focused on the strategies for allowing
con gurations of mobile robots using two methods, nonlinear control
theory, and graph theory.

Reddy and Reddy [67] integrated the graph theory with the
principles law of mechanics to study the dynamic modelling issue
of the two-link robot arm driven by two DC motors. In fact, they
represented the graph equivalent of the system, starting by the linear
graph representation where the system of equations can be generated
automatically.

Korres et al. [68] introduced numerical methods of topological
observability analysis of a measured power system. In fact, the echelon
form of a sparse rectangular test matrix used to determine topological
observability, they also identified the maximal observable islands of a
measured power system. The noniterative algorithm has been used to
select the minimal set of pseudo-measurements which make the system
observable. The theoretical background of the suggested algorithm is
based on network graph properties.

Sass et al. [69] presented three different unified modelling of
electromechanical particularly multibody systems based on the virtual
work principle, linear graph and bond graph theories. The aim of their
research is to show the advantages and limitations of physical modelling
for a given system.

Rowell et al. [70,71] represented a modern control theory that helps
in overcoming the limitations which existed in the classical control
theory. As a matter of fact, he used an example of the physical system
which is represented by RLC circuit by using linear graph method that
generates the state space variables to write the differential equation
between the input of the system and output variables.

Shai introduced a general approach for solving engineering
problems by transforming them into other engineering fields through
what is called graph representations. The method suggested can be
implemented in the same way to both analysis and design problems. As
a matter of fact, the graph representation can be utilised in various field
as the mechanical system, electrical network and hydraulic network.
The general approach that is employed in solving engineering problems
by transforming engineering knowledge were adhered by four main
steps.

Rowell [71] gave an approach to model Two-Port Energy
Transducing elements using linear graph theory, in particular, they
enumerated several steps that are derived from a set of state equations
which includes transduction between di erent physical fields.

Kono and Katsura [72] examined the analysing of fundamental
motion, they took into account the DOF of the system; the graph theory
was used to identify the influence data in the motion. Therefore, an
analysis of the removed data was conducted in the way to evaluate the
eigenvector and maximum of eigenvalue from matrix adjacency.

Wang et al. [73] introduced a new class of the concept of importance
measure that quantifies the importance of components in mechatronics
systems. Precisely, they utilised the literature of mechatronic
architecture and graph theory to de ne component network based on
the notion of complex networks.

Banerjee and McPhee [74] presented a framework of graph
theory to analyse and model the dynamic behaviour of an automotive
hydrodynamic torque converter using graph theory method. The
system comprises both hydraulic and mechanical components.
Therefore, the graph theory used to capture the topology of the system
and the interconnection of the constituent components. Finally, the
model developed has been simulated and compared with the existing
model in the literature.

Jayadev et al. [75] showed that the phase connectivity problem
could be solved through a novel approach; the proposed formulation
enables to use the Principal Component Analysis and its graph
theoretic interpretation to infer the connectivity directly, they proposed
an algorithm to infer phase connectivity from noisy measurements.

Liu et al. developed an optimal control to synchronise network
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Figure 1: Region of papers.

multibody systems using the fundamental equation of mechanics.
Hence, he used a new control law that is derived from the framework to
achieve complete synchronisation of the network of Multibody Systems
formulated with Lagrangian dynamics, the stability analysis performed
by the algebraic graph theory.

Sheng etal. [76] used graph theory method to improve the precision
of fault locations for CNC Machine Tools where system simplified as
a fault mapping relationship between the system and the unit of the
complex system and to identify the new fault with high speed.

Discussion on Research Progress
Regions of origin of papers

The 75 papers published are identified with regard to the 21 countries
of the main authors too. The results are shown in the following figure.
The countries with a larger contribution to the Journal are Canada,
USA, India. This analysis might be change in future. The research topics
published from 2000 to 2016 are analyzed. The following subsection
contains the countries and the research topics that are related to this
domain (Figure 1) [77-83].

Research topic

The seventy five papers published are identified with respect to the
five main topics discussed in our second part. The results are presented
in Table 2. Mechatronic engineering has been the most topics discussed.
The difficult application is vehicle dynamics. Decreasing interest is
observed in the more recent period for mechanical engineering and
vehicle dynamics. It is noted that the interest of the authors concerning
the application of this theory is developing in 2016; especially in the
mechatronics engineering.

Conclusion

The aim of our paper is to present different research of graph
theoretical modelling in various fields, especially in physical sciences
as electrical engineering, mechanic and multibody system, flexible

multibody, vehicle dynamics, and Multiphysics systems. Our article
presented a general overview of the studies that have already been
conducted in those fields. Therefore, it gave the localisation and number
of publications of the previous articles starting from 2000 up to 2016
in the graph-theoretical concept. Further, we mentioned the principal
ideas of this concept by using different fields that we have already cited
above. The application of graph theoretical modelling approach in
vehicle dynamics field is still one of the most critical and difficult topics
that the researchers are working on currently.
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