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ABSTRACT

(CFT)

The present work addresses stochastic chaotic dynamics in network vector fields described by coupled stochastic differential
equations, expanding on stochastic chaos in coupled map lattices. We study the example of a network with local coupling
and ring topology with the vector field dynamics at each node being described by locally coupled stochastic differential
equations given by the stochastic Lorenz system, the resulting local dynamics, mean field dynamics and synchronization
patterns are researched for different coupling strengths and network sizes, showing the presence of a relation to the Lorenz
chaotic attractor as well as multifractal scaling in the field dynamics and multifractal phase transitions. The relevance of the
results for the research on the synergetics of complex systems and networked computation is addressed.
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INTRODUCTION

Chaos in high-dimensional systems has been subject of research
within the context of coupled nonlinear maps [1-5]. These models
stand at the intersection between computer science, network
science and nonlinear dynamics and are of particular relevance
not only in the modeling of turbulence, coevolutionary dynamics,
social and economic dynamics but also for dealing with computing
systems that involve computing with non-binary values, including
analog computation and machine learning models operating on
real numbers [1,2,5,6].

The Coupled Map Lattices (CMLs) were among the first such models
studied within chaos theory, expanding on the cellular automata
discrete state framework to a continuous state computation [1-
6). High-dimensional chaos, spatiotemporal intermittence and
synchronization in nonlinearly interacting networks have been
studied in detail in these models as reviewed in [1].

From a mathematical standpoint, we can look at cellular automata,
CMLs and other dynamical (computing) network models that have
been studied within complexity research, computer science and
chaos theory as examples of scalar fields in networks. In the case of
cellular automata, these scalar fields’ dynamics can be described by
binary values or assume other values in a discrete set of numbers
with the real-valued case corresponding to continuous state cellular
automata and to the CML models [1,6].

Scalar fields in networks are such that each node in the network

is characterized by a number as a computational output from the
field’s computation and this number changes in accordance with
a local computational rule based upon the network’s connections.
This leads to a theory of network scalar field computation.

Indeed, from a systemic standpoint, a network scalar field is
associated with a systemic dynamics where the field at each node
in the network is characterized by an activity with a computational
output that can be addressed mathematically on a numerical scale,
in this sense, the field’s activity at each node has a numerical
expression and can be addressed in terms of the computational
rules leading to local changes in the numeric value (the scalar value)
associated with each node in the network.

This type of computational model can be applied to different
systems, including number of visits to a network of websites, airport
traffic, malware propagation in networks, as just a few examples.
Whenever we have a network and a characterization of each node
in the network by dynamical scalar data then we can address the
problem in terms of a network scalar field model.

Now, one can go beyond the scalar field model and work with vector
fields. The difference in this case is that the field at each node in
the network has a computational activity that is characterized by a
d-dimensional vector as a computational output. This means that
the field’s activity at each node has a geometric expression as a
vector.

Thus, for a network with n elements we have n x d degrees of
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freedom related to the field’s computational activity, with d
corresponding to the number of field vector components. In the
deterministic context, such a computation can either be addressed
in terms of a mathematical model as involving a discrete time
update rule, or it can be addressed as a flow, in the last case we have
a large system of coupled differential equations for the field’s
dynamics.

When dealing with chaotic dynamics in this context, we are led to
an expansion of the theory of chaos in spatially extended systems,
a theory that has been strongly developed in coupled nonlinear
maps as reviewed in [1], but that can be expanded to network vector
fields characterized by coupled differential equations rather than by
coupled maps.

In this context, there is a continuous dynamics of the field at each
node, a dynamics that depends upon the network’s connections,
leading to continuously changing geometric transformations of the
vector at each node in terms of both magnitude and direction.

Now, such as we can transition from a deterministic map to a
stochastic map in the context of a coupled map models [1-3], We
can also transition from the coupled deterministic flow of the
network vector field to stochastic field dynamics.

In regards to the mathematical modeling, the difference is that
instead of working with deterministic differential field equations
we work with stochastic differential field equations. From a systems’
dynamics standpoint this means that we have an open network’s
dynamics with the network field’s dynamics being such that the
field computation depends both upon the local nearest neighbours’
field configuration and upon external stochastic environmental
fluctuations leading to an external noise source.

In the context of a network vector field characterized by chaotic
dynamics this leads to stochastic chaos in network vector fields,
differential equations.
The study of such systems is particularly relevant in the context

characterized by nonlinear stochastic
of the synergetic of complex networks as well as for networked
computation with real numbers [7-9].

In the current work, we analyze a vector field on a ring network with
the field vector components updated in accordance with coupled
stochastic Lorenz equations characterized by additive Wiener noise,
we study both the local and collective dynamics of such a system,
for different network sizes and coupling strengths.

In section 2, we review the main methods, including numeric
integration methods and the field equations. In section 3, we study
the example network field dynamics characterized by the coupled
Lorenz system in a ring network and, in section 4, we conclude
with a final reflection on the work’s main results in the context
of complexity research, computational field theory and synergetic.

MATERIALS AND METHODS

Stochastic chaos in nonlinear dynamics can be worked in two settings,
stochastic nonlinear maps, which is a discrete time approach and
stochastic differential equations (SDEs), in both cases, the main
point is that, if we “turn off” the noise process, the corresponding
nonlinear deterministic dynamics can be chaotic, that is, bounded,
nonperiodic with sensitive dependence upon initial conditions
showing random trajectories. In the case of systems described by
stochastic differential equations, this means that when the noise
process is “turned off” the corresponding system of equations is a
standard deterministic system of differential equations.

The main issue regarding chaotic dynamical systems that have a
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dynamics described by systems of nonlinear differential equations is
that their study requires numeric integration. This also means that
their stochastic counterparts also require such numeric integration.

The main integration method that we use in the present work
is Roberts’ method for numeric integration which is a modified
Runge-Kutta method that can be used both for Itd integrals and for
Stratonovich integrals [10]. To understand this method, we begin
by considering the standard one-dimensional SDE.

As a notation point, we use here capital letters for matrices and
vectors and small caps for scalars. In this way, the standard one-
dimensional SDE used in Itd stochastic calculus can be written as
[10]:

dx = a(t,x)dt' + b(t,x)dW

In the above general equation, a is a drift function and b affects
the standard-deviation, both are addressed as smooth functions of
the argument, dw corresponds to the infinitesimal increments of a
Wiener process [10].

The It6 integral is formally addressed by the integration scheme for
t, <t <..<t,=t:

(O -0 = [;dx = [,al(s, )t + [iblsx)aw )
Jiblemaw=lm¥b(e (e )pwit) 3)
Aw (tk) = W(tk+1) W(tk) .......................... 4)

The increments in equation (4) are independent and, as per
equation (5), follow a zero mean Gaussian distribution with
variance given by At =t,, -t and w(0) = 0. In this way, we have
Gaussian IID noise.

The above is the formal basis for stochastic calculus in one-
dimensional systems, that is, systems with a stochastic scalar
variable that depends upon the Wiener innovation, leading to basic
processes that are related to one-dimensional Brownian motion.
While formal solutions can be built, the basic issue when a and b
are not constant is that we may need to employ numeric integration,
we follow the modified Runge-Kutta method introduced in [10] for
the Ito calculus approximation, which sets At, = h and defines the
following integration algorithm:

k= ha(tklx(tk)) + b(tk' x(tk)) (Aw(tk) _\4“‘77$k)

........................... (6)
k, = ha(thl,x( )+ k1) + b(tkﬂ,x(tk) + kl)(Aw(tk) +| hsk) ............ )
k, +k,
)= O 25 (8)
aw(t)=Vhz(t),z(6)~NOL) ©)

With s,=+1 with 1/2 probability. In the type of problems that we
will be working on, the function b is a fixed scalar which means
that we have the basic scheme:

Given these last two equations, applying equation (8), we get the
simplified scheme:

a(tox(t)) +a(tes x(t) + k) . baw (t,)
2 2 (12)

x(t,“l) = x(tk)+h



Now, the extension to a multidimensional stochastic process
requires some care. In our applications, the basic process is given
by the vector SDE working with d dimensional vectors:

dX =a(t,X)dt+bdW . (13)

Where a:R¢~R4 and the Wiener process W is an d-dimensional
stochastic vector such that the increments AW(t,)=W(t,.,)-W(t,) are
IID with a multivariate normal distribution with null vector mean,
a rank d diagonal covariance matrix with diagonal equal to the
numeric integration time step h and W(0) is the null vector. In this
case, equations (10) to (12) lead to the vector numeric integration
process addressed in [10]:

k, :ha(tk+1’X(tk)+k1)+b(AW(tk)+‘«“‘77$k) ........................ (15)

X(t)=x(t)+ Ktk

With S, being a d-dimensional vector with entries +1 or -1 each
selected independently with probability 1/2, of course, since, in
our case, b is a fixed scalar, the sum in equation (16) leads to the
part dependent upon s, becoming a null vector not really having
impact on the numeric integration.

If b is equal to 0, the above equations lead to a Runge-Kutta
method of integration of deterministic differential equations, by
contrast if a is constant and b is fixed and different from 0, we get
a basic Brownian motion numeric integration scheme with drift
parameter a.

In Figure 1, we show the simulation where the equations for a
correspond to the Lorenz system in the chaotic phase [11], in the
figure, we show the Lorenz chaotic attractor taking b equal to O
(left), which provides for the deterministic dynamics and taking b
equal to 2 (middle) and 3 (right) which correspond to stochastic
Lorenz dynamics. As can be seen from the example, when b
is set to 0 we get the standard Lorenz chaotic attractor, as b
is raised the attractor shape is still present however there is a
random motion in the attractor which comes from the additive
stochastic component.

Lorenz Attractor b=0 Loreng Attractor b=3

&~ SR
L o ® <
20 o'o¢ 20
-0 0 o -10_#
&y

Tay, W0 20

Lorenz Attractor b=z

Figure 1: Simulation of the stochastic SDE with a following the Lorenz
equations, b=0 (left), 2 (middle) and 3 (right), X(0)=(3,1,1.5), 200,000
steps of 0.001 size are plotted after the first 10,000 were dropped for
transients 6=10, p=28, f=2.667.

Working from equation (13), the main equations, in vector format
using column matrix representation, are given by:

x (t)

X(t)=|»(t)
ZO) e (17)

dx

ax (t) =|dy
B2 oeeeeeeeeeesessvssssons (18)
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o (r(t)-x(t))
a(t,X): px(t)—y(t)—xz(t)
(615(6)- =00 1)

X

Replacing on equation (13) we can write explicitly the stochastic
Lorenz SDE in vector format, in the equation below we omit the
explicit temporal dependence for simplification:

dx o(y-x) dw,
dy |=dt| px—y—xz|+Db|dw,
dz xy — fz dw,

When b=0, we get the deterministic Lorenz equations, which, for
the parameters in figure 1, as stated, lead to a chaotic dynamic with
the strange attractor structure comprised of two spirals [11,12]. The
dynamics is smooth, but nonperiodic, bounded to the attractor
and with sensitive dependence upon initial conditions. The
topological process that leads to chaos, in this case, is linked to a
stretching splitting and merging process [11,12], the final attractor
has a fractal structure in three-dimensional Euclidean space, thus,
the trajectories follow the fractal geometric structure.

When stochastic coupling is introduced, with additive noise, the
displacement in the state vector leads to a stochastic walk on the
attractor, as can be seen in figure 1 for b equal to 2 and 3. Thus, the
attractor continues to lead the dominant dynamics as a geometric
order parameter, however, the noise coupling leads to a nowhere
differentiable trajectory on the attractor, contrasting with the smooth
differentiable curves that are present in the deterministic case.

While these results are associated with stochastic chaos with a
coupling of a low-dimensional nonlinear deterministic system
to an additive noise source, we will be dealing here with high-
dimensional nonlinear dynamics in networked systems, in this way,
the deterministic component is high-dimensional and the main
equations need to be reviewed for this context, namely, it implies
the transition to field equations.

As reviewed in the previous section, such systems have been object
of research in the context of coupled deterministic and stochastic
maps [1-5], with CMLs being one of the major examples [1]. As
reviewed in the introduction, these maps actually deal with scalar
fields in networks updated in accordance with a nonlinear rule that
depends upon the neighbourhood coupling.

In the present work, we go beyond the scalar field model and expand
it to deal with a vector field on the network, which means that the
field’s computational dynamics at each node can be described by
a vector.

In this way, given the node set 7,={0,1,2,....,N—= 1} , we deal with
an undirected graph described by an adjacency matrix A , where
A =1 if there is an arc connecting the nodes n and m and 0
otherwise. The network vector field dynamics is formally addressed
by a mapping:

XZXRERE Q1)

In the above equation, R} corresponds to the time coordinate, thus,
at each node n and time t, X maps to a d dimensional real vector:

X, (I’l,t)

X(nty=|" @'t)
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Given the above definitions, the network field dynamical
configuration matrix can be written as:

x (0,t) x(1,t) x (N-1,t)
X =| ((:J,t) X, (il,l") X, (Nz—l,t)
% (08) xg(Lt) o G (N=8)) (23)

Each column of this matrix coincides with the field vector at a
specific node, while each row corresponds to a component of the
field vector along the full network. Now, using the adjacency matrix
we can extract the local mean field vector for each node as:

=

Anmxl(m’t)
yi(nit) Z:f
p(n,t) = Wz(ﬁ't) - 2 Ao (1)
i 2meo Pom
e § Ay (mit)
L mXy (M, t
M0 e (24)

That is, we have the local mean field value for each component
resulting from the weighted sum of connections of each node with
its neighbours, with equal weights, the normalizing factor here
is the degree of the node. Considering a local weighted average
associated with the local mean field coupling, we get an extension
to the continuous time context from the basic scheme used in
coupled maps [1], thus, the main SDE is now a field equation of
the form:

dx(n,t) = a(t, X (n,t))dt + bdW (n,t) (25)

The stochastic vector dW has a diagonal covariance matrix and
is IID for each node, which means that there is no correlation
between the additive noise source at each node and also for each
vector component. That said, the deterministic part introduced
by the drift vector as per field equation (26), by including local
mean field coupling, will incorporate both the deterministic and
stochastic fluctuations by way of the local mean field coupling, in
this case, the drift field vector has a local mean field coupling that
is akin to the CMLs’ local mean field coupling using a weighted
average model, which introduces a diffusive pattern of coupling [1].

To address the resulting network field dynamics, it is useful to study
both the dynamics at each node but also the network mean field
vector, which is a d-dimensional vector:

<HW2N2XMO

The approach based on the analysis of the global mean field
dynamics has been employed in CMLs of one-dimensional
nonlinear maps as a way to research these networks’ collective
dynamics [1], in this context, the mean field value is a scalar, for
a vector field, as per equation (27), that value is a vector with
the same number of components as the field vector described in
equation (22), therefore, using equation (27), we can implement
a d-dimensional representation of the mean field dynamics in
Euclidean space to study the mean collective dynamics.

Likewise, we can also represent in d-dimensional Euclidean space the
dynamics of the vector field for each node. For up to three-dimensional
vectors, this approach provides for a visual representation, in which we
plot each column of the matrix in equation (23), which corresponds to
each field vector value X(n,t), in a Euclidean space with dimensionality
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equal to the number of components of the vectors X(n,t). It turns
out that, in the case of two or three-dimensional space, this visual
representation for both X(n,t) and (X (t)) provides for a relevant visual
picture on the geometry of the field’s dynamics, as we will see in the
next section.

In the present work, f is given by the Lorenz equations, so that we
get the following local field equation SDE, where we omitted the
temporal index and used the node as subscript index to simplify
the notation:

dx, G(yn - xn) Yin dw, ,
dy, |=dt|(1=¢)| px, =y, = xz, |+ €| w,, ||+ b| dw,,
dz, X,V = B2, V3 dws , (28)

If b is equal to zero, we get a deterministic coupled field dynamics
driven by the Lorenz equations with local mean field coupling.
Otherwise, we get a stochastic coupled field dynamic.

The stochastic coupling is the difference between a closed network
and an open network. In the closed network, the field’s computation
at each node has an open dynamic due to the local coupling to
its neighbours but the full network is closed, by contrast, in the
open network, the field is affected by environmental stochastic
fluctuations that affect the field computation at each node.

As stated, due to the local mean field coupling the field’s
computation at each node will be affected not only by the stochastic
fluctuations at that node but also by the stochastic fluctuations of
its nearest neighbours.

From a computational standpoint, we are dealing with networks
with nonlinearly interacting nodes affected by external noise,
which is a relevant point for current technological frameworks
that include machine learning with networked models working
on floating point data, with adaptive and possible coevolutionary
contexts leading to coevolutionary stochastic dynamics.

A main issue that is raised in this context is the characterization of
the collective dynamics depending on both the coupling parameter
and the network size. One analysis that is relevant regards the
characterization of the scaling of the network mean field vector as
given in equation (27).

Indeed, in complex systems, fractal and multifractal scaling is a
common occurrence [12,13], the issue then of possible multifractal
scaling associated with the network mean field value dynamics is a
relevant analysis.

Given a signal u(t), multifractal scaling can be expressed in terms of
the moments’ order relation for different lags s [13]:

log{E[Ju(t)-u(t-s)|q]} ~aH(q)loa(s) . . . . 29)

Thus, the dependence upon the order g is given by the product of the
order by the generalized Hurst exponent H(g) which can be a nonlinear
function of the moment order. One way to estimate the function H(q)
is through the application of Multifractal Detrended Fluctuation
Analysis (MFDFA) with polynomial fitting, which is a robust method
in the detection of monofractal versus multifractal scaling.

The method that we use is described in detail in [14], involving the
estimation of a detrended fluctuation function F, which scales
with the lag s as:



Goncalves CP

This last function is estimated for each component of the network
mean field vector, thus, for each component of the network mean
field described in equation (27), we apply MFDFA in combination
with spectral analysis to characterize the scaling in the network
mean field vector components’ dynamics. We also analyse the
distribution for the network mean field vector’s displacements
in comparison with the multivariate Gaussian distribution, these
displacements are given by:

1 N-1
- iFoen .
In practice the displacements are, actually, evaluated from the
numerical simulation, so that the normality test is applied to the
estimated displacements from the simulated trajectory, using a
small simulation step, taking the variation of the mean field values
as an approximation.

Multifractal processes can include a multifractal Gaussian processes
and also non-Gaussian processes [13], while these processes can be
directly simulated in a predesigned stochastic process definition,
that is, top-down, an approach that is developed in Mandelbrot’s
work [13], their occurrence in networked nonlinear dynamical
systems may depend upon the interaction profile and system
size, in this sense, the approximation to the Gaussian regime
or deviations from that regime are the result of the complex
nonlinear dynamics and both Gaussian and non-Gaussian
dynamics can occur depending upon the network profile and
field dynamics.

In this way, we research the profile of the multifractal process
and also the distribution profile for different network sizes and
local mean field coupling. While different network topologies are
possible, we will be working with the one-dimensional lattice model
with N nodes and ring topology, where each node is connected to
itself and with the left and right node, with periodic conditions
at the border, this connectivity structure thus follows the cellular
automata scheme [6].

Having presented the main concepts and methods we now
address the main results from the simulation of the resulting
vector field.

RESULTS AND DISCUSSIONS

In all the simulations that follow we use the network topology
addressed in the previous section with one specific point in the
adjacency matrix we consider a selflink of each node, therefore,
each node is connected to itself and to the left and right neighbors
with periodic boundary conditions at the border, leading to
the ringlike topology. Given this network structure, the most
elementary network is the one with three nodes and periodic
boundary conditions. In this case, each node is connected to the
remaining two, forming a triangle.

Considering the deterministic dynamics first and the system’s
equations formulated in the previous section, we show, in figure 2
top, the plot of the three nodes’ dynamics in the three-dimensional
Euclidean space spanned by each of the three components of the
field’s vector.

The plot shows the vector field dynamics without noise at each
node with different colors, for local mean field couplings of
0.1, 0.2 and 0.3, respectively, from left to right, the remaining
parameters are the ones that lead to the usual Lorenz chaotic
attractor [11,12].
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Field Dynamics for b=0, N=3, epsilon=0.1 Field Dynamics for b=0, N=3, epsilon=0.2 Field Dynamics for b=0, N=3, epsilon=0.3
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Figure 2: Simulation of three nodes’ ring network deterministic field
dynamics for each node (top) and corresponding network mean field
(bottom), b=0, 6=10, p=28, B=2.667 numerical integration step size
0.01, 50,000 data points shown after the first 10,000 were dropped for
transients, initial values selected at random for each node with uniform
distribution in the interval [-40,40], with the coupling varying from 0.1
to 0.3 in steps of 0.1.

As results from Figure 2’s simulation, we find that while the field
dynamics at each node, for low coupling, follows the main Lorenz
attractor, that is, the field dynamics at each node has the main
Lorenz attractor shape as a geometric dynamical order parameter
(figure 2, top), due to the low coupling, the field at each node
is following different trajectories on the attractor, this leads to a
complex network mean field dynamics (figure 2, bottom), which
shows two spiraling regions linked to the two spirals of the Lorenz
attractor, but there is a more complex dynamics at the center
region. This is because the dynamics is not synchronized, due to
the low local mean field coupling strength.

As the local mean field coupling strength is increased, the field
dynamics still follows the Lorenz geometry, however, the at each
node becomes progressively more synchronized with the rest of the
network (Figure 3, top), in this way, the network mean field starts to
progressively reflect the low dimensional attractor structure (Figure
3, bottom).

Field Dynamics for b=0, N=3, epsilon=0.4 Field Dynamics for b=0, N=3, epsilon=0.5 Field Dynamics for b=0, N=3, epsilon=0.6 Field Dynamics for b=0, N=3, epsilon=0.7

Figure 3: Simulation of three nodes’ ring network deterministic field
dynamics (top) and corresponding network mean field (bottom), b=0,
0=10, p=28, B=2.667, numerical integration step size 0.01, 50,000 data
points shown after the first 10,000 were dropped for transients, for the
same initial conditions than figure 2, with the coupling varying from 0.4
to 0.7 in steps of 0.1.

For local mean field couplings from 0.5 until 0.6, we, therefore, find
that the network (global) mean field reflects the three-dimensional
Lorenz attractor, with the field dynamics showing a synchronized
trajectory that follows the attractor structure, contrasting with the
low coupling case shown in figure 2 bottom and figure 3 in the case
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of a local coupling of 0.4.

This is an example that fits well a pattern addressed in Haken’s
synergetics [7-9], in the sense that the system’s collective dynamics
tends to become synchronized with compression in the degrees
of freedom, in this case, the full number of degrees of freedom,
counted in terms of the number of dynamical variables, is nine,
three vector components multiplied by three nodes, but the field
dynamics is synchronized leading to a network mean field dynamics
that follows the three-dimensional Lorenz chaotic attractor.

Further increasing the local mean field coupling from 0.6 to
0.7 we find, however, that there is a bifurcation in the dynamics
going from synchronized chaotic dynamics to a, also synchronized,
periodic dynamics with the field dynamics following a closed curve
in the geometric space spanned by the field vector components, as
can be seen in figure 3, where the 0.7 local mean field coupling
value leads to the same curve in both the field dynamics at each
node and in the network mean field. In this way, we now have a
periodic, rather than chaotic, order parameter characterizing the
network field’s dynamics.

This periodic dynamics is unstable in regards to noise, that is, noise
can lead it to a new fractal attractor, as shown in Figure 4. Indeed,
with low noise, the closed periodic curve becomes the seed to a new
fractal attractor that shares some similarities with Lorenz’ attractor
but with a few slight differences, namely, a twistorlike shape
appears at the center between the two spirals, as shown in Figure 4.
The dynamics is still highly synchronized so that the same attractor
shape appears in both the field dynamics at each node and in the
network mean field, as can be seen in Figure 4.

Mean Field

Field Dynamics for b=0.01, N=3, epsilon=0.7

0 o
S

o -5 ¥ o
X axs 0 10 X A 0 10

Figure 4: Simulation of three nodes’ ring network stochastic field
dynamics (left) and corresponding network mean field (right) b=0.01,
0=10, p=28, B=2.667 numerical integration step size 0.01, network
coupling of 0.7, 100,000 data points are shown after the first 10,000
were dropped for transients, initial values selected at random for each
node with uniform distribution in the interval (-40,40).

The twistor-like shape is linked to the periodic structure in the
noise-free dynamics, the noise, in this case, leads to the strange
attractor forming from that seed structure, as can be seen in Figure
5, which superimposes the attractor for the deterministic dynamics
and the attractor for the corresponding stochastic dynamics.

To better visualize the difference with respect to the Lorenz attractor
we show, in Figure 6, the projection for the x and y components.

The synchronization dynamics for the network can be evaluated
from the dispersion around the network mean field, thus, we can
calculate the network standard deviation around the network mean
field over time, the higher the standard deviation, the lower the
global network synchronization.
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Figure 5: Same simulation as in Figure 4, but with added simulation
(in black) of the deterministic dynamics obtained for the same initial
conditions.
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Figure 6: Field components’ x versus y axis projection of three nodes’
ring network mean field dynamics b=0.01, 6=10, p=28, P=2.667
numerical integration step size 0.01, network coupling of 0.7, 50,000
data points are shown after the first 10,000 were dropped for
transients, initial values selected at random for each node with
uniform distribution in the interval (-40,40).

The standard deviation, in this case, shows a nontrivial dynamics,
that depends upon the network size, indeed, for the stochastic
network with noise coupling equal to 0.01 and nearest neighbors’
coupling of 0.7 addressed above, we find that the network mean field
and the local field dynamics at each node follow a strange attractor
as an order parameter with strong synchronization, however, that
synchronization is not static, that is, the field dynamics exhibits
fluctuating dispersion, as we will see, this dispersion exhibits
multifractal scaling.

Since there are fluctuations in the standard deviation, in Figure
7, we calculate, for different simulations of the network with
increasing number of nodes, the mean of the spatial standard
deviation around the network mean field, shown in orange, the
minimum of that standard deviation, shown in blue, and the
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maximum of that standard deviation, shown in green, calculated
from 100,000 simulation steps, with network sizes ranging from 3

to 200.

Figure 7’s results show that, for a local mean field coupling of 0.7,
noise coupling of 0.01 and low network sizes, the dispersion in
the network field values is low, with the minimum, maximum and
mean value of the standard deviation of the network field values
around the global mean field being close to each other, indicating
that, while the dispersion in the field values changes over time, the
fluctuations in the standard deviation are low, as are the values of
the standard deviation, which indicates a strong synchronization
dynamics in each field component.
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Figure 7: Mean (orange), minimum (blue) and maximum (green) of the
network standard deviation for each field component around the mean
field values for 100,000 simulation steps after the first 10,000 steps were
dropped for transients, network sizes ranging from 3 to 200, in steps of
1, b=0.01, 0=10, p=28, B=2.667 integration step size 0.01, network
coupling of 0.7, initial values selected at random for each node with
uniform distribution in the interval (-40,40).

Thus, in the case of strong coupling for low number of nodes,
while the field dynamics exhibits strong synchronization it also
exhibits a turbulent dynamic for each field component, with peaks
in dispersion occurring around a strongly synchronized dynamics,
as shown in Figure 8, for the 3 nodes network.
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Figure 8: Network standard deviations for each field component with
100,000 steps, for the three nodes’ network, after the first 10,000 steps
were dropped for transients b=0.01, 6=10, p=28, =2.667 integration
step size 0.01, network coupling of 0.7, initial values selected at random
for each node with uniform distribution in the interval (40,40).

If the number of nodes is increased, however, we find that, even
with local mean field coupling, the field exhibits a sharp rise in
dispersion with the interval of variation for the standard deviation
rising significantly, as can be seen in Figure 7, this occurs in a
way that the maximum dispersion exhibits high values, with the
minimum dispersion not increasing significantly with the increase
in the number of nodes. In this region, the mean of the standard
deviation starts to rise, until it converges to an almost flat line.

The mean of the standard deviation around the mean field tends
to stabilize with the increase in network size and the interval of
variation for the maximum and minimum start to progressively
decrease.

The fact that we have a non-null and, in some cases, even high
interval of variation means that the spatial dispersion of the
field components around the network mean field fluctuates,
which means that there is no fixed spatial distribution, that is,
the statistical distribution of the field values in the network is
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nonstationary with respect to the standard deviation, which is an
important finding since it shows that stochastic chaos in network
fields, with strong coupling can still exhibit diversity in values, with
fluctuating deviations from the network (global) mean field.

In Figure 9, we show the simulation of the network mean field
values for each field component, as per equation (27), and the
standard deviation around that mean field for a network of 100
nodes, the dynamics seems turbulent both for the mean field and
the standard deviation.
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Figure 9: Mean field and standard deviation for 100 nodes network,
100,000 steps simulation after the first 10,000 steps were removed for
transients, and the remaining parameters the same as those in Figure 8.

Field Dynamics for b=0.01, N=100. epsilon=0.7

£ i

Figure 10: Dynamics of the field for the 100 nodes for Figure 9
simulation shown in three-dimensional euclidean space.

The field dynamics at each node still follows the dynamics of the
overall Lorenz attractor geometry with its two spirals, as shown in
Figure 10, which represents the dynamics of the vector field at each
node in the three-dimensional space spanned by the three field
components.

Applying multifractal analysis methods to the network mean field
dynamics from Figure 10’s simulation, we uncover the presence
of multifractal scaling in both the mean field values and in the
standard deviation around the mean field, for each field component.
The generalized Hurst exponents are all situated above 2, with the
highest exponents holding for the negative orders, and the lowest
exponents holding for the positive orders, with a descending overall
sigmoid curve-like shape holding for both the mean field and the
standard deviation dynamics as shown in Figures 11 and 12, for a
100 nodes’ network.
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Figure 11: Multifractal spectrum estimation for the network mean field
dynamics from Figure 10’s simulation for the x component (left), y
component (middle) and z component (right), with 600 lags used and
lags ranging from 1 to 2.5, moments order from -50 to 50, and qn=200.
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Figure 12: Multifractal spectrum estimation for the standard deviation
around the network mean field values from Figure 11’s simulation for
the x component (left), y component (middle) and z component (right),
with 600 lags used and lags ranging from 1 to 2.5, moments order from

-50 to 50, and qn=200.

The spectrum shape for the mean field, shown in Figure 11, holds for
low noise levels, indeed, as the noise level is increased, there occurs
a change in the spectrum shape, corresponding to a multifractal
phase transition, with the spectrum leading to a decrease in the
exponents and an inversion with the negative orders exhibiting the
lower values and the positive orders exhibiting the higher values, as
shown in Figure 13.
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Figure 13: Multifractal spectrum estimation for the network mean
field dynamics, with x component (left), y component (middle) and z
component (right), and the same parameters as in Figures 11 and 12,
but with b equal to 1.

The multifractal phase transition in the spectrum occurs for all the
three field components, as shown in figure 14 (left) for 100 nodes
network. However, the shape and changes in the spectrum depend
upon the number of nodes in the network, as shown in figure 14
(right) for 3 nodes.
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Figure 14: Multifractal spectrum estimation for the network mean field
components and same main parameters as in Figures 11 and 12, but
with b equal to 0.01, and then from 0.25 to 3, increasing in steps of
0.05, for a 100 nodes network (left) and a 3 nodes network (right).

For noise parameter b values of at least 1, we get a strong stochastic
nonlinear dynamic with multifractal scaling for the network mean
field. In the strong local mean field coupling regime, this scaling
tends to occur with a power law decay in the power spectrum for
the network (global) mean field’s vector components, therefore,
besides the multifractal signatures we also have 1/f noise signatures
in the “spatial” average dynamics, as shown in Figure 15 for a 100
nodes network.
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Figure 15: Power spectrum for the network mean field’s vector
components (x, left, y middle and z right) in doubly logarithmic scale,
for b ranging from 1 to 5 (top to bottom), calculated over 100,000
steps, after the first 10,000 steps were dropped for transients, 6=10,
p=28, P=2.667, integration step size 0.01, network coupling of 0.7,
initial values selected at random for each node with uniform

distribution in the interval (-40,40) and 100 nodes.
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For a weak network coupling parameter of 0.1, while there is also
a power law decay, the decay occurs first faster and then slower
for the high frequency spectrum, as shown in figure 16, so that
we do not get the large region of straight line decay in the high
frequency spectrum as we get in the case with coupling parameter
of 0.7, shown in Figure 15.

In the simulations from Figures 15 and 16, we find that the
multifractal spectrum for the mean field is such that, for the network
strong coupling of 0.7, the lower exponents occur for the negative
orders and higher exponents occur for the positive orders, while
for the weak coupling of 0.1 we get a reversed spectrum, with the
higher exponents for the negative orders and the lower exponents
for the positive orders as shown in Figure 17, this exemplifies well
how, for different network couplings, multifractal phase transitions
can occur.

Another difference between the mean field dynamics regards the
statistical distribution for the mean field displacements. Indeed,
in the strong coupling regime, for the coupling local mean field
coupling parameter equal to 0.7, with high noise, the mean field
displacements, approximated as explained in the previous section
for the integration step size which in this case is 0.01, tend to follow
a Gaussian distribution as shown in table 1, with the Jarque-Bera’s
null hypothesis only rejected at 5% and 1% levels for the network
mean field displacement vector z component for b equal to 1, and
for the network mean field displacement vector y component for b

OPEN aACCESS Freely available online

As shown in Table 2, for the weak local mean field coupling,
deviations from the Gaussian distribution dominate, indeed, for
b equal to 1, none of the network mean field displacement vector
components have a Gaussian distribution with the p-value of the
Jarque-Bera test being equal to O, as the noise level is increased, the
null hypothesis of the test is not rejected at a 5% and 1% levels
for the x and y components, however, it is still rejected for the z
component [15-18].

With strong local mean field coupling, Gaussian distribution also
tend to dominate for low number of nodes and sufficiently high
noise, as shown in table 3 and figure 18, for a local mean field
coupling of 0.7.

Decreased local mean field coupling, on the other hand, can
lead to a rejection of the Gaussian displacements for the network
(global) mean field even with high noise, as shown in Table 4,
which shows that for coupling of 0.1, only for the network mean
field displacement vector x component does the displacement lead
to the non-rejection of Gaussian distribution for sufficiently high
noise, however, we still get multifractal spectra, as shown in Figure 19.

These results show that while multifractal scaling tends to occur
in the network’s dynamics the nature of that multifractal scaling,
the spectral signal properties of the network mean field and the
statistical distribution of that mean field displacement vector
depends upon different factors, which include the number of
nodes, noise strength and local mean field coupling strength.

equal to 3 (Table 1).
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Figure 16: Power spectrum for the network mean field’s vector components (x, left, y, middle and z, right) in doubly logarithmic scale, for b
ranging from 1 to 5 (top to bottom), calculated over 100,000 steps, after the first 10,000 steps were dropped for transients, 6=10, p=28, f=2.667,
integration step size 0.01, network coupling of 0.1, initial values selected at random for each node with uniform distribution in the interval
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Figure 17: Multifractal spectra for Figure 15’s simulations (left) and Figure 16’s simulations (right) 600 lags used with the lags ranging from 1 to 2.5,
moments order from -50 to 50, and qn=200.

Table 1: Jarque-Bera’s test for normality for the mean field displacement components for Figure 15’s simulations.

b X component y component z component
1 0.8719 0.3904 0.0058
2 0.8637 0.8143 0.0748
3 0.5453 0.0051 0.6655
4 0.7545 0.4516 0.8865
5 0.8661 0.8932 0.3644

Table 2: Jarque-Bera’s test for normality for the mean field displacement components for Figure 16’s simulations.

b X component y component z component
1 0 0 0
2 0.1838 0.6877 0
3 0.1969 0.2175 0
4 0.6306 0.1629 0
5 0.0798 0.1305 0

Table 3: Jarque-Bera’s test for normality for the mean field displacement components for 3 nodes network, local mean field coupling of 0.7 and the
remaining parameters as those of Figure 15.

b X component y component z component
1 0 0 0

2 0.5626 0.2042 0.0026

3 0.1824 0.7362 0.4897

4 0.3825 0.3927 0.17

5 0.7049 0.6688 0.1913

6 0.9689 0.313 0.6054

7 0.5185 0.9263 0.9935

8 0.7135 0.0927 0.7607
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Figure 18: Multifractal spectra for Table 3, 600 lags used with the lags ranging from 1 to 2.5, moments order from -50 to 50, and qn=200.
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Table 4: Jarque-Bera’s test for normality for the mean field displacement components for 3 nodes network, local mean field coupling of 0.1 and the

remaining parameters as those of Figure 16.

b x component y component z component
1 0 0 0
2 0 0 0
3 0 0 0
4 0.0060 0 0
5 0.0459 0 0
6 0.0611 0 0
7 0.6750 0 0
8 0.3996 0 0
CONCLUSION structure until, for large enough coupling, a transition to a periodic

The role of stochastic differential equations in computation has
been a subject of research within synergetics, computer science
and chaos theory with applications including associative memory,
complex systems’ dynamics and machine learning.

The dynamics of networked computing systems such as cellular
automata and CMLs can, from a mathematical standpoint,
be approached in terms of the dynamics of scalar fields in
networks, with local field updating based upon nearest neighbors’
connections.

In the present work, we addressed not scalar fields but vector
fields in networks with dynamics described by systems of coupled
stochastic differential equations, focusing on the example of the
stochastic Lorenz equations and a network with ring topology,
where each node is connected to the node on the right and left and
to itself, with the coupling incorporated in each field component
dynamics. The periodic conditions at the borders and the type of
network coupling uses the basic cellular automata topology.

From a computer science standpoint, in the context of networked
computing systems that operate on real numbers and in a possible
continuous time dynamic rather than synchronously iterative
scheme, network stochastic vector fields become relevant.

Plotting each network node’s field component dynamics in the
three-dimensional space for the field components we find that the
field at each node follows the general Lorenz attractor geometry, in
this sense, the attractor still works as a geometric order parameter
for the network field’s dynamics even for large networks.

On the other hand, for small network size, in this case, for a three
nodes’ network, which is the smallest network, we found that,
for the deterministic dynamics, as the coupling is increased the
dynamics becomes more synchronized with the field at each node
and the network mean field following the overall Lorenz attractor

Int ] Swarm Evol Comput, Vol.14 Iss.01 No:1000393

dynamics occurs, however, this dynamics is highly unstable with
respect to noise, adding small noise level an attractor with a different
shape is formed with the periodic dynamics’ geometry operating as
the seed structure around which the attractor is formed.

We studied the network for different network sizes and coupling,
uncovering turbulence in the synchronization dynamics,
multifractal scaling in both the network mean field and in the
standard deviation around that mean field, multifractal phase
transitions, power law scaling in the power spectrum and also

Gaussian and non-Gaussian distributions.

The occurrence of multifractal scaling, with local and mean
field vector components following an attractor structure, is an
important result when dealing with chaos in complex systems with
noise, in this sense, the study of network vector field dynamics
with equations that exhibit chaotic dynamics and their stochastic
counterparts constitutes an important basis on which to research
stochastic chaos in complex systems, especially given empirical
findings of such dynamics in different systems when employing
machine learning for attractor reconstruction.

The research into network scalar and vector fields characterized by
stochastic nonlinear dynamics provides for a mathematical basis
for the study of the synergetics of networks with complex, possibly
stochastic chaotic dynamics, with implications for coevolutionary
models of computation. Future research into the dynamics of
network scalar and vector fields is needed, with implications
for both the theory of hypercomputation in complex systems
and the applied research to network dynamics, both natural and
artificial.

REFERENCES

1. Kaneko K, Tsuda I. Complex Systems: Chaos and Beyond: Chaos and
Beyond: A Constructive Approach with Applications in Life Sciences.
Berlin: Springer; 2001: 1-8. [GoogleScholar]

11



Goncalves CP

2.

10.

11

Gongalves CP. Financial turbulence, business cycles and intrinsic time
in an artificial economy. Algor Fin. 2011;1(2):141-156.

Losson J, Mackey MC. Evolution of probability densities in stochastic
coupled map lattices. Phys Rev E. 1995;52(2):1403-1417.

Gupte N, Sharma A, Pradhan GR. Dynamical and statistical behaviour
of coupled map lattices. Phys A. 2003;318(1-2):85-91

Ding J, Lei Y, Xie J, Small M. Chaos synchronization of two coupled
map lattice systems using safe reinforcement learning. Chaos, Solitons

and Fractals. 2024;186: 115241
Wolfram S. A New Kind of Science. USA: Wolfram Media;2002

Haken H. Synergetics - Introduction and Advanced Topics. Berlin:
Springer; 2004.

Haken H. Synergetics and computers. ] of Comp and App Math.
1988;22(2-3):197-202

Haken H. Synergetic computers and cognition: A top-down approach
to neural nets. Germany: Springer. 2004: 50.

Roberts AJ. Modify the Improved Euler scheme to integrate stochastic
differential equations. arXiv. 2012: 1210.0933.

Lorenz, EN. Deterministic nonperiodic flow. J of the Atm Sci.

1963;20(2):130-141.

Int ] Swarm Evol Comput, Vol.14 Iss.01 No:1000393

12.

13.

14.

15.

16.

17.

18.

OPEN aACCESS Freely available online

Peitgen H-O, Jiirgens H, Saupe D. Chaos and Fractals - New Frontiers
of Science. Springer;2004.

Mandelbrot BB. Fractals and Scaling in Finance. Springer: 1997: 13-
49.

Gorjao LR, Hassana G, Kurths ], Witthauta D. MFDFA: Efficient
multifractal detrended fluctuation analysis in python. Comp Phys
Commun. 2022;273:108254

Gongalves CP. Low dimensional chaotic attractors in daily hospital
occupancy from COVID-19 in the USA and Canada. Int ] Swarm
Evol Comput. 2023;12(1):1000291.

Gongalves CP. Chaos-induced self-organized criticality in stock market
volatility an application of smart topological data analysis. Int ] Swarm

Evol Comput. 2023;12(5):331

Gongalves CP. Epidemiological rogue waves and chaos-induced
multifractal self-organized criticality in COVID-19. Int ] Swarm Evol
Comput. 2024;13(3):367

Gongalves CP. Topological machine learning and chaotic attractors
decomposition-an application to sunspot chaos. Int ] Swarm Evol

Comput. 2024;13:387

12


https://link.springer.com/book/10.1007/b97624
https://link.springer.com/book/10.1007/b97624
https://link.springer.com/chapter/10.1007/978-1-4757-2763-0_1
https://www.sciencedirect.com/science/article/abs/pii/S0010465521003660
https://www.sciencedirect.com/science/article/abs/pii/S0010465521003660
https://www.medrxiv.org/content/10.1101/2022.12.04.22283069v1
https://www.medrxiv.org/content/10.1101/2022.12.04.22283069v1
https://d1wqtxts1xzle7.cloudfront.net/113058937/Chaos_RWC_Final-libre.pdf?1712342599=&response-content-disposition=inline%3B+filename%3DEpidemiological_Rogue_Waves_and_Chaos_In.pdf&Expires=1737984526&Signature=PJ2-PM-kxWEFJNzZwIxu-lpRLkvEHxMp8CPWQRjzUu-1RtCshCcha7kVLsie7VBlikJbHy7vJEL6A3dcNQyKR64t7q~fXrPlI5ZTe8ZzPvhLVrHkDn8VfEB0SCpC2JOPRGXusB0--pqkIB1iX7rt9t-BmDH1K~mcUmk74Vd8iwZdRFlnEh1FPlF1UPvALFjiXKI4GfoCNaSe4f6lgqtJstMSy5rSFN8yBsrT8BoUBMXnEUdj7NALU6vLKlrvWieNroqu0N8~JKvMQ6WgYyTwSyJbKikmUrtUv701X6PL2OIZySkhhQFe1pmwj2CFu4Wd-JhBKKHVA96rWK9bJQi-Fw__&Key-Pair-Id=APKAJLOHF5GGSLRBV4ZA
https://d1wqtxts1xzle7.cloudfront.net/113058937/Chaos_RWC_Final-libre.pdf?1712342599=&response-content-disposition=inline%3B+filename%3DEpidemiological_Rogue_Waves_and_Chaos_In.pdf&Expires=1737984526&Signature=PJ2-PM-kxWEFJNzZwIxu-lpRLkvEHxMp8CPWQRjzUu-1RtCshCcha7kVLsie7VBlikJbHy7vJEL6A3dcNQyKR64t7q~fXrPlI5ZTe8ZzPvhLVrHkDn8VfEB0SCpC2JOPRGXusB0--pqkIB1iX7rt9t-BmDH1K~mcUmk74Vd8iwZdRFlnEh1FPlF1UPvALFjiXKI4GfoCNaSe4f6lgqtJstMSy5rSFN8yBsrT8BoUBMXnEUdj7NALU6vLKlrvWieNroqu0N8~JKvMQ6WgYyTwSyJbKikmUrtUv701X6PL2OIZySkhhQFe1pmwj2CFu4Wd-JhBKKHVA96rWK9bJQi-Fw__&Key-Pair-Id=APKAJLOHF5GGSLRBV4ZA
https://d1wqtxts1xzle7.cloudfront.net/117213738/Sunspots_Chaos-libre.pdf?1722796177=&response-content-disposition=inline%3B+filename%3DTopological_Machine_Learning_and_Chaotic.pdf&Expires=1737984623&Signature=Up2rwMzc0K~GxG0PH4FNe7eSV-R5To5bV37yk~H1YD~79Eg~xxaLRWhlT6oaqyILL4IZsA-MWfE7P7kjEhl195k-6VhgVewuH~0k-bdvVCrTfb4KlK~vbNHJ7zOhqj9CKPN~cX3UgVxTwwNTGQ9vCFyj2-D7qoap~Kb0BAVFIGvImLdGLIjHDl6DOryWQWV7Uul1nkPGOngFFf~91iPw7BspO6Fy6CJWYqBgwPH5C5ROmD2lNnP368SAWbhuleulKVUKlbS7Fyyxeh3Q760CLJI5FtYyA~QeyxLpr7X6pefvmxfkI7UTacHm9YY0xrBZ-zUEJisTpwWM8wz9IZs~hQ__&Key-Pair-Id=APKAJLOHF5GGSLRBV4ZA
https://d1wqtxts1xzle7.cloudfront.net/117213738/Sunspots_Chaos-libre.pdf?1722796177=&response-content-disposition=inline%3B+filename%3DTopological_Machine_Learning_and_Chaotic.pdf&Expires=1737984623&Signature=Up2rwMzc0K~GxG0PH4FNe7eSV-R5To5bV37yk~H1YD~79Eg~xxaLRWhlT6oaqyILL4IZsA-MWfE7P7kjEhl195k-6VhgVewuH~0k-bdvVCrTfb4KlK~vbNHJ7zOhqj9CKPN~cX3UgVxTwwNTGQ9vCFyj2-D7qoap~Kb0BAVFIGvImLdGLIjHDl6DOryWQWV7Uul1nkPGOngFFf~91iPw7BspO6Fy6CJWYqBgwPH5C5ROmD2lNnP368SAWbhuleulKVUKlbS7Fyyxeh3Q760CLJI5FtYyA~QeyxLpr7X6pefvmxfkI7UTacHm9YY0xrBZ-zUEJisTpwWM8wz9IZs~hQ__&Key-Pair-Id=APKAJLOHF5GGSLRBV4ZA
https://d1wqtxts1xzle7.cloudfront.net/117213738/Sunspots_Chaos-libre.pdf?1722796177=&response-content-disposition=inline%3B+filename%3DTopological_Machine_Learning_and_Chaotic.pdf&Expires=1737984718&Signature=J-xPiyn7Hf7bGbP9BlkUn~oPohekMZgicetjSRHPpaAmeAB9uPLBwqPNiAkRVw2jAgB7BA9myzfG6F6K8zTZBIwShOUryiJ3z15GLlYwydbI-fZYzIId-YIbo5cLnN6u2-SHzHjJ9jU6I-6oE8QqURYRm3Gwm-DBS~Vj1j4j6vmnqCkdrkCEK4FYswR1QrqxAtQGlg7h8giNw3pymSjg6c~Md9dqRoBw4-VmfHR0dO6dn8HNZZx-RQOHur-dlGBV8uq30TzizEr~hqVA78WuORJQscAha84YSVscCh2pgpluevCPlMRBrNwj~ShDzc-LmnJEGmaPPdLlHrZj1mMRuw__&Key-Pair-Id=APKAJLOHF5GGSLRBV4ZA
https://d1wqtxts1xzle7.cloudfront.net/117213738/Sunspots_Chaos-libre.pdf?1722796177=&response-content-disposition=inline%3B+filename%3DTopological_Machine_Learning_and_Chaotic.pdf&Expires=1737984718&Signature=J-xPiyn7Hf7bGbP9BlkUn~oPohekMZgicetjSRHPpaAmeAB9uPLBwqPNiAkRVw2jAgB7BA9myzfG6F6K8zTZBIwShOUryiJ3z15GLlYwydbI-fZYzIId-YIbo5cLnN6u2-SHzHjJ9jU6I-6oE8QqURYRm3Gwm-DBS~Vj1j4j6vmnqCkdrkCEK4FYswR1QrqxAtQGlg7h8giNw3pymSjg6c~Md9dqRoBw4-VmfHR0dO6dn8HNZZx-RQOHur-dlGBV8uq30TzizEr~hqVA78WuORJQscAha84YSVscCh2pgpluevCPlMRBrNwj~ShDzc-LmnJEGmaPPdLlHrZj1mMRuw__&Key-Pair-Id=APKAJLOHF5GGSLRBV4ZA
https://journals.sagepub.com/doi/abs/10.3233/AF-2011-011
https://journals.sagepub.com/doi/abs/10.3233/AF-2011-011
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.52.1403
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.52.1403
https://www.sciencedirect.com/science/article/abs/pii/S0378437102014103
https://www.sciencedirect.com/science/article/abs/pii/S0378437102014103
https://www.sciencedirect.com/science/article/abs/pii/S0960077924007938
https://www.sciencedirect.com/science/article/abs/pii/S0960077924007938
https://link.springer.com/chapter/10.1007/978-3-662-10184-1_1
https://www.sciencedirect.com/science/article/pii/0377042788903998
https://arxiv.org/abs/1210.0933
https://arxiv.org/abs/1210.0933
https://journals.ametsoc.org/view/journals/atsc/20/2/1520-0469_1963_020_0130_dnf_2_0_co_2.xml



