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Introduction
During embryonic development and beyond, hemodynamic 

conditions play an essential role in growth and remodeling of the 
cardiovascular system [1-7]. Because the heart beats, generating 
cyclic pulsatile flow waves, there is a dynamic interaction between 
cardiovascular tissue and blood flow. This interaction determines 
the mechanical stimuli (stresses and strains/stretches) to which 
cardiovascular cells are subjected [3,4,8,9]. Cells respond to changes 
in mechanical stimuli by altering their gene expression and, ultimately, 
their function. It is currently accepted that mechanical stimuli 
modulates growth (change in volume) and remodeling (change in 
composition) of cardiovascular tissues during development and 
adulthood.

To assess the influence of blood flow on cardiac development, 
researchers have disrupted hemodynamic conditions and thus 
mechanical stimuli in vivo, in otherwise normal animal models 
of cardiac development, [2,10-12]. Alterations of hemodynamic 
conditions resulted in a spectrum of heart defects [1,2,10,12], including 
malformations of the aortic arch, ventricular septal defects, semilunar 
valve anomalies, and atrioventricular anomalies – all of which resemble 
defects found in humans with congenital heart disease, which affects 
about 1% of newborn babies in the US. These studies demonstrated the 
importance of blood flow in cardiac development and confirmed that 
abnormal blood flow conditions lead to cardiac defects. Researchers 
have further hypothesized that blood flow dynamics play an essential 
role in normal cardiac development [1,13], that many cardiac 
developmental processes do not occur in the absence of normal flow, 
and that these developmental processes are modulated by blood flow. 
In other words, cardiac development is regulated not only by pre-
programmed genetic processes but also by blood flow dynamics. 

In the mature cardiovascular system, growth and remodeling 
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Abstract
Hemodynamic conditions play an essential role in the cardiovascular system, with abnormal blood flow conditions 

leading to growth and remodeling of cardiovascular walls. During embryonic development, altered hemodynamic 
conditions lead to congenital heart disease, which affects about 1% of newborn babies in developed countries. 
However, the mechanisms by which hemodynamic conditions affect cardiovascular development have not been fully 
elucidated. In this paper, we propose a model of cardiac growth in response to hemodynamic conditions, in which 
growth is modulated by a combination of wall strains and wall shear stresses. This is in contrast to previous models 
that proposed stress-induced growth laws. Because during embryonic development blood pressure increases over 
time, and this increase in blood pressure produces an increase in wall stresses, stress-induced growth laws would 
require time-dependent parameters. While blood pressure increases during development, cardiovascular walls 
become stiffer and thicker, and thus we postulate that instead strains experienced by cells remain approximately 
the same during development. This assumption motivated our cardioavascular model of strain-induced growth in 
response to hemodynamic conditions, which we implemented using finite element methods. Model simulations 
show that the proposed model results in tissue growth that is physiologically reasonable. Further, our analyses 
demonstrate that mechanical coupling – that results from residual stresses originating from differential tissue growth 
- may play a more important role in the modulation of cardiovascular tissue growth and remodeling than currently
acknowledged.

in response to changes in hemodynamic conditions tend to restore 
homeostatic (equilibrium) conditions [14-16]. Therefore, most 
modeling studies assume that growth and remodeling of cardiovascular 
tissue results from deviations of wall stresses from a ‘growth-
equilibrium’ (homeostatic) stress [5,6,14-18]. Growth and remodeling 
then occur in an attempt of tissues (cells within the tissues) to go back 
to the homeostatic stress. 

During embryonic development the cardiovascular system is 
continuously adapting to changes in hemodynamic conditions: blood 
pressure, p, and blood volume flow rate, Q, continuously increase with 
developmental stages [3,8,19] to meet the growing demand of the 
developing embryo. Therefore a homeostatic stress condition cannot be 
identified, as wall stresses continuously increase during development. 
If cardiac growth is modeled in response to wall stresses, growth-law 
parameters (e.g. the growth-equilibrium stress) must change with 
developmental time [17,18,20]. This is certainly a possibility, as cell 
responses do change over developmental stages. However, due to the 
fast pace at which p and Q change during embryogenesis, cell responses 
would need to change continuously and in concert with developmental 
processes. 

While cardiovascular wall stresses continuously increase over 
developmental stages, individual cells in the developing heart and 
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blood vessels may likely experience similar deformations (strains/
stretches) over the cardiac cycle throughout development (or at 
least defined developmental periods). This is because as the embryo 
grows cardiovascular walls get thicker and tissues get stiffer. Thus 
strain/stretch induced growth laws might be more appropriate than 
stress-induced growth laws to model cardiovascular growth and 
remodeling in response to hemodynamic conditions during embryonic 
development. The assumption that growth and remodeling in response 
to hemodynamic conditions depends on tissue strains/stretches is 
consistent with mounting evidence that supports the concept of strain-
induced mechanotransduction mechanisms [21-24]. 

In this paper, we will use strain-induced growth laws, and we 
will explore the consequences of applying these laws to growth 
and remodeling of the cardiovascular system. Our objective is to 
determine the extent to which strain-induced growth laws can 
explain cardiovascular growth and remodeling phenomena observed 
during embryonic development. To this end, we will use a simplified, 
cylindrical model of a developing cardiovascular vessel. Note that, 
at very early stages of cardiac development, the heart has a tubular 
structure [25], and thus results and conclusions from our model are 
applicable to developing vascular vessels and the developing heart. 

Mathematical Model of Growth 
We used continuum mechanics equations - that enforce equilibrium 

of forces while tissue is growing – in a simplified model of developing 
cardiovascular vessels, to quantify stresses and strains in response to 
increases in p and Q. 

Kinematic description 

To mathematically describe deformation, a deformation gradient 
tensor, F, is used. F describes deformation between a reference, stress-
free configuration, and a physiological configuration at time t. When 
tissue is growing, there are two contributions to F: 1) tissue growth, 
represented by Fg, and 2) tissue deformation in response to applied 
forces and geometrical constraints, represented by Fe. Because tissue 
is incompressible, det(Fe) = 1, however, as tissue grows, det(Fg) > 1 if 
tissue volume increases, and det(Fg) < 1 if tissue volume decreases. F is 
then expressed as the result of the two contributions [16,17,20], 

F=Fe Fg 					                     (1) 

Tissue grows into a stress-free configuration, and thus Fg does not 
generate stresses [14,16-18,20]; stresses are a function of Fe. 

Mass production/removal 

As cardiovascular tissue grows and remodels in response to 
hemodynamic conditions, mass production and removal from the 
tissue need to be accounted. Following Humphrey et al. [5], [15,16], 

mass production is defined by ρ =∫ ∫v v
d dv mdV
dt

 	               (2) 

where V is tissue volume at time t, and m is the ‘density production’ 
within the tissue. If V0 is the tissue volume in the reference configuration 
(at time t = 0), then dV = det F dV0 [5,16], and Eq. 2 becomes

ρ =∫ ∫0 00 0det detv v
d dV m dv
dt

F F  	 (3)

Using Eq. 3 we can now introduce the time derivative inside the 
integral to obtain 

( )ρ =det detd m
dt

F F  				                   (4)

If we further assume that ρ is constant, and that tissue is 
incompressible (i.e. det Fe = 1), using Eq. 1 and Eq.4 we get 

τ
ρ

 
=   

 ∫0
1det exp

t
Fg m d  			                   (5) 

Constitutive growth laws can be developed by specifying the 
change of the density production, m, with time. 

During cardiovascular development, m depends on: 

1) mechanical stimuli from hemodynamic conditions and 2) pre-
programmed developmental processes-that dictate for instance cell 
differentiation, migration and apoptosis-and that are independent 
of hemodynamic conditions. Mechanical stimuli thus modulate 
pre-programmed developmental processes. Here, we will focus on 
the modulation of the density production, m, by mechanical stimuli 
generated by blood flow. 

Linearized equations of mass production and momentum 
conservation 

Our objective is to better understand the implications of 
strain-induced growth laws on cardiovascular development. While 
cardiovascular wall tissues are likely nonlinear materials, and wall 
motion might undergo large deformations (especially in the heart) in 
response to hemodynamic conditions, we will focus here on qualitative 
analysis of growth laws. To this end, in this study we used a linearized 
theory of growth, assuming that addition/removal of wall tissue is 
infinitesimal, the wall behaves as a linear elastic material, and changes 
in hemodynamic conditions result in small deformations of the 
cardiovascular wall. Analysis of a simplified linear theory of growth, 
however, allows us to get important insights into the process of growth 
and its effects on cardiovascular tissue. A nonlinear theory will be 
necessary for more accurate predictions; but growth laws and growth 
scenarios can be studied more effectively using a linearized approach 
as a first step. 

When employing a small strain/small displacement formulation of 
motion, and in this case growth, the infinitesimal strain tensor, ε , and the 
infinitesimal growth strain tensor, ε g, are employed. ε is a linearization 
of the Green-Lagrange strain tensor, E=½ (FT F - I), which is frequently 
employed in finite (nonlinear) formulations of motion. ε g depends on 
mass production/removal, and can thus be derived frm Eq. 5. If total 

density prduction is small, i.e. τρ <<∫01 1
t
md  , then 

τ τ
ρ ρ

 
≅ +  

 ∫ ∫0 0

1 1exp 1
t t
md md  			                 (6) 

and ε− ≅det 1 gg
iiF  				                   (7)

where ε ε= ( )g g
ii tr . Using Eq. 5 to Eq. 7, the relationship between mass 

production and the infinitesin tensor is, 

ε τ
ρ

= ∫0
1 tg

ii m d  				                   (8) 

To calculate tissue deformations, we use the force equilibrium 
equations [16,18] 

ρ∇ =. 0;  					                    (9) 

where σ is the Cauchy stress tensor, ∇· is the divergence operator. 

Constitutive relations the stress tensor, σ, are 

ε ε−( )gcρ =  					                   (10) 
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where C is the linear-elastic stress-strain (stiffness) tensor, which relates 
stress and strain. Like in the case of finite strain theories, compatible 
growth strains, which result in ε ε−( )g , do not generate stresses, and 
residual stresses arise from non-compatible growth strains. 

Cylindrical model of the developing cardiovasculature 

At very early stages of development, the embryonic heart is a 
tube that pumps blood through a peristaltic-like motion [3,4,11]. 
The tubular heart, as well as the rest of the embryonic circulation, 
are very sensitive to hemodynamic conditions, and thus in this paper 
we focused on early cardiovascular development [1]. We modeled a 
developing cardiovascular vessel as a thick-walled cylindrical structure 
of inner radius Ri and outer radius Ro, with linear-elastic walls (see also 
[19,20]). Axial growth and deformations were neglected. This model, 
while simple, represents the structure of the primitive, tubular heart 
as well as vascular vessels. In our model, in the reference configuration 
(time t=0) the cylindrical vessel was assumed to be in a stress-free 
configuration. An internal (intramural) blood pressure, p, was then 
applied to the inner surface of the cylinder. To solve for deformations, 
we applied Eq. 9 in cylindrical coordinates, with boundary conditions 

 
σ

σ

= = −

= =0

rr r i

rr r

R p
R o

 (11) 

where r is radial position within the cylindrical model of the developing 
heart and σrr are radial stresses. Tissue growth depends on tissue density 
production, m, according to Eq. 8, and in cylindrical coordinates is, 

θθε ε τ
ρ

+ = ∫0
1 tg g

rr md  (12) an

where θθε g  and ε grr are growth strains in the circumferential and radial 
directions, respectively. 

In our model, wall shear stress, τ, is calculated from an imposed 
blood volume flow rate, Q, assuming Poiseuille (fully-developed) flow 
through the cylindrical vessel model. Therefore, 

µτ
π

=
3

4

i

Q
R

 					                  (13) 

Where μ is the blood viscosity. 

Constitutive growth laws 

We modeled growth by specifying changes in tissue density 
production, m, in response to changes in hemodynamic conditions, i.e. 
alterations in blood pressure, p, and blood volume flow rate, Q. While 
changes in p and Q frequently occur simultaneously, they are usually 
considered as two separate (yet coupled) contributions to growth 
and remodeling. Changes in p result in alterations in wall stresses 
and strains throughout the wall thickness, according to Eq. 9 to Eq. 
11; whereas changes in Q result in alterations of wall shear stress, τ, at 
the tissue-lumen interface, Eq. 13. During development, both p and Q 
increase with developmental time. 

The mechanotransduction mechanisms that lead to growth 
modulation due to mechanical stimuli are not well understood. Our 
approach to modeling growth in response to increases in p and Q 
was then partially based on observations made on the response of the 
mature cardiovascular system to changes in hemodynamic conditions. 
When studying growth and remodeling of mature blood vessels in 
response to changes in p, it is frequently assumed that circumferential 
stress, σθθ, modulates growth in both the radial and circumferential 
directions (and θθε g  and ε grr  , respectively) [14-16,18]. In those studies, 
axial stresses are frequently neglected, and radial stresses, σrr, are 

usually not considered as triggers of growth because: i) they are usually 
smaller than circumferential strains; ii) their value is determined from 
boundary conditions, Eq. 11; and iii) upon imposing a transmural p, 
radial stresses are compressive, whereas circumferential stresses are 
tensile, and large tensile stresses are associated with tissue rupture. 
Based on those studies, and since σθθ mainly depends on εθθ (σθθ ≅ E εθθ), 
we assumed that growth was modulated by circumferential strain, εθθ, 
and that growth in the circumferential and radial directions were the 
same (εθθ

g=εrr
g). Further, we assumed that there is a growth-equilibrium 

strain, εθθ
*, at which there is no tissue growth or remodeling in response 

to mechanical stimuli. 

The rate at which cardiovascular tissue grows in response to 
mechanical stimuli, might be determined by deviations from growth-
equilibrium conditions or might be triggered by a threshold. Both types 
of response are found in nature, and thus could apply to the developing 
cardiovasculature. If tissue growth is modulated by deviations from 
growth-equilibrium conditions, and since close to equilibrium a 
system’s response can always be linearized around the equilibrium, 
density production can be assumed to depend linearly on deviations 
from the growth-equilibrium εθθ

*,. This assumption results in a linear 
strain-induced growth law, 

θθ θθ θθβ ε ε ε= − − *[( ) ]gm  			                  (14) 

where β is a rate parameter. This growth law can lead to increase or 
decrease of tissue volume as well as differential, localized growth. 

Cardiovascular tissue growth might have a threshold behavior, in 
which growth occurs only if a threshold strain, such as εθθ

*, is reached and 
exceeded. Below the threshold strain, there is no growth. A threshold 
behavior is observed at the molecular level, when certain molecules, 
stretched beyond a threshold stretch, change their configurations. 
In the new molecular configuration, molecular domains that were 
‘protected’ before are now available for binding, and triggering of other 
reactions/processes. If cardiac growth is a threshold-induced process, 
the density production could be modeled using threshold strain-
induced growth law,

θθ θθ θθ θθ θθ θθ

θθ θθ θθ

β ε ε ε ε ε ε
ε ε ε

− − − >
− ≤

=
* *

*
*[( ) ] ( )

( )
{

g g

g
if

o if
m  		                (15) 

where β* is a rate parameter. This growth law can lead to increase of 
tissue volume and differential localized growth. 

Changes in Q generate changes in wall shear stresses, τ, which are 
known to be important for growth and remodeling [26-28]. In mature 
arteries, it has been observed that increases in wall shear stress above 
a homeostatic wall shear stress, τ*, produce an increase in vascular 
radius that tends to restore homeostatic values; while a decrease in 
shear stress below τ* tends to decrease vascular radius. Growth laws 
in which changes in τ affect only growth in the radial direction (εrr

g), 
have been used [14,16,18]. In modeling cardiac growth modulation in 
response to changes in Q, we can account for the shear strain associated 
with τ. However, shear strain is very difficult to measure, and might 
not be involved in all mechanotransduction mechanisms. For example, 
it has been shown that endothelial cells have cilia that are believed to 
transduce shear stresses into cell signaling [29-31]. The motion of these 
cilia in response to shear stress is not associated with the internal shear 
strain of the cell, and yet can transduce shear stress. Thus, we modeled 
the effects of Q on tissue growth by assuming that density production, 
m, depends on τ and that there is a growth-equilibrium wall stress, τ*, 
such that 

α τ τ= −( *)m  					                    (16) 
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where α is a rate parameter. Since in our cylindrical cardiovascular 
vessel model wall shear stresses are uniform, and we will only consider 
cases in which Q increases (and thus wall shear stress increases beyond 
the equilibrium τ*), considering only a linearized growth law in 
response to deviations from wall shear stress is enough for our study. 

During growth and remodeling in vivo, both changes in p and Q 
occur together. To account for the combined effect of wall shear stress 
and tissue strains on growth, we combine Eq. 14 or Eq. 15 with Eq. 16, 
by simply adding the contributions of wall strain and wall shear stress. 

Finite element implementation of growth models 

We implemented the growth laws using a finite element 
formulation. Because tissue is incompressible, to properly solve for 
the deformation and growth of the cylindrical model considered, 
mixed 9/3 elements (that satisfy the inf-sup condition) were used in 
a displacement/pressure (u/p) finite element formulation [32]. Mesh 
independence was achieved in simulations. 

Results 
Non-dimensional parameters were employed in simulations of 

growth using our cylindrical cardiovascular vessel model. As this study 
is focused on analyzing consequences of the growth laws proposed (in 
terms of further growth and generation of residual stresses/strains), and 
since we are using a linearized (infinitesimal) model of deformation 
and growth, the actual values of the parameters are not important. 
We did not obtain parameters that closely represent cardiovascular 
mechanics, but rather main, qualitative features of cardiovascular 
growth were reproduced. For all the cases considered, we assumed a 
tissue elasticity modulus of E=106, and Poisson’s ratio of ν=0.49 (almost 
incompressible tissue). Initially (t=0), Ri=0.5 and Ro=1, and thus h=0.5 
(all in non-dimensional units), and the cylinder was assumed to be in a 
stress-free configuration. Then a step increase in pressure, Δp=1, and a 
step increase in shear stress, Δτ=2.16357·10-4, were imposed. Growth-
equilibrium parameters used were εθθ*=1.08147·10-6 and τ*=10.1857; 
and growth rate parameters were α/ρ=0.005, β/ρ=0.1. Growth rate 
parameters were chosen so that growth in response to p and Q were 
about the same order of magnitude, and thus both mechanisms 
of growth could effectively ‘compete’ with each other. Growth-
equilibrium parameters, εθθ* and τ*, were chosen so that equilibrium 
conditions could be achieved within our assumptions. 

Strain-induced growth in response to step pressure

To study the effect of the linear strain-induced growth law, Eq. 14, 
we applied a step internal pressure, p, at time t=0, and kept p constant 
afterwards. At time t=1, the cylinder deformed in response to the 
applied p, but has not grown in response to the deformation. In our 
study, growth starts at time t>1. The initial application of p produced: 
i) An increase in the internal and external cylinder radii, and, since 
the cylinder is incompressible, a decrease in the cylinder thickness 
(see Figure 1A, initial response); and ii) A radial distribution of 
circumferential strain (see Figure 1B, time t=1). Thus, at t=1, the inner 
‘layers’ of the cylinder (up to r ~ 0.7), have εθθ > εθθ*, while the outer 
‘layers’ (r>0.7) have εθθ<εθθ*. To reach growth-equilibrium (Eq. 14), 
tissue volume increased in the inner layers and decreased in the outer 
layers. For the case considered, Eq. 14 produced a global decrease in the 
volume of the cylinder, which manifested as a decrease in the thickness 
of the cylinder (Figure 1A). Growth-equilibrium, characterized by 
constant circumferential strains, θθ θθ θθε ε ε− = *( )g  was achieved 
(Figure 1B). 

If growth in response to the increase in p follows a threshold strain-
induced growth law, Eq. 15, a global decrease in tissue volume is no 
longer possible. Initially, only the volume of the inner layers of the 
cylinder increased (Figure 2B). Eventually, however, due to mechanical 
coupling, the volume increase of the inner cylindrical layers generated 
an increase in the circumferential strains of outer layers, which in turn 
produced an increase in volume of the outer layers as well (Figure 2B). 
An increase in p, thus results in increased thickness of the cylinder 
(Figure 2A). 

Shear-induced growth in response to step wall shear stress 

Next, we studied the effect of the shear-stress-induced growth law, 
Eq. 16. To this end, we applied a step increase in volume flow rate, Q, 
at time t=0, and kept Q constant afterwards. At time t=1, τ increased 
in response to the increased in Q, but the cylinder has not grown in 
response to this increase. Growth starts at time t>1 in our study, and 
ends when growth-equilibrium has been achieved. We found that, in 
response to an increase in τ, the cylinder internal and external radii 
increased, while the cylinder thickness showed a slight increase (Figure 
3A). Growth-equilibrium was achieved by increasing internal radii 
and thus reducing wall shear stress to equilibrium, τ*. The increase in 
internal radius, and thus the reduction in wall shear stress, was at the 
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Figure 1: Growth of the cylindrical heart model after applying a step increase 
in intramural pressure, and assuming a  linear strain-induced growth law, Eq. 
14. The nondimensional time t=1 shows the response of the model to the 
applied load; growth starts at t>1. (A) Heart dimensions over time normalized 
to the dimensions in the reference configuration (t=0); Ri internal radius, Ro 
outer radius, h wall thickness. (B) Circumferential strains, εθθ - εθθ

g, through the 
cardiac wall, normalized to the growth-equilibrium strain, εθθ

*.
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expense of an increase in residual circumferential strains (Figure 3B) 
and thus an increase in circumferential stresses resulted. 

Combination of shear-stress induced and linear strain-
induced growth law 

During development both blood pressure p and blood volume 
flow rate Q increase to satisfy the demands of the growing embryo. A 
growth law that combines the effect of both strain-induced and shear-
stress induced growth is therefore more appropriate. We first assumed 
that the growth law was given by a combination of Eq. 14 and Eq. 16. 
We applied a step increase in both p and Q at time t=0, and kept both 
p and Q constant afterwards. Like in previous cases considered, at time 
t=1, the cylinder deformed in response to the applied p, and τ increased 
in response to Q, but the cylinder has not grown: growth starts at time 
t>1, and continues until growth-equilibrium is achieved, that is until 
τ and circumferential strains reach their growth- equilibrium values, 
τ* and εθθ*, respectively. We found that the cylinder internal and 
external radii increase, mainly in response to the change in Q and thus 
τ (Figure 4A). The increase in radii initially produced large increases in 
circumferential strains, which were then decreased by strain-induced 
growth (Figure 4B). Note however, that the wall thickness decreased 
(Figure 4A), this is because, like in the case of purely linear strain-
induced growth (Figure 1), the strain-induced growth law employed, 
Eq. 14, resulted in a global decrease of the cylinder volume. 

Combination of shear-stress induced and threshold strain-
induced growth law 

We next considered a combination of a threshold strain-induced 

growth, Eq. 15, and shear-stress-induce growth, Eq. 16. We found 
that in response to the increase in p and Q, both internal and external 
radii increased, and the cylinder thickness also increased (Figure 5A). 
Initially, like in the case in which only a threshold strain-induced 
law, Eq. 15, was considered, the increase in p produced increases in 
tissue volume in the inner cylinder layers. The increase in radii due to 
the shear-stress-induced part of the growth law, Eq. 16, exacerbated 
deviations of circumferential strains from equilibrium values (Figure 
5B), which generated further growth of the inner layers. Later, however, 
due to mechanical coupling, the volume increase of the inner layers 
generated an increase in the strains (and stresses) of the outer layer 
(Figure 5B). Applying a combination of shear-induced and threshold 
strain-induced growth laws resulted in a more uniform increase in 
the volume of the cylinder (Figure 5), and both an increase in internal 
radius (typical response expected from an increase in wall shear stress) 
and an increase in wall thickness (response expected from an increase 
in blood pressure). 

Discussion
The laws that govern the growth and remodeling of the 

cardiovascular system in response to hemodynamic conditions 
during development (and beyond) are not well understood. Growth 
and remodeling during development are certainly complex processes 
that likely include several biological mechanisms that, in turn, 
affect distribution of mechanical stimuli in cardiovascular walls. 
Mathematical modeling and computational simulation of growth, 
thus, can aid in the identification of proper growth laws and biological 
mechanisms that drive growth and remodeling. 
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in intramural pressure, and assuming a threshold strain-induced growth law, 
Eq. 15. The nondimensional time t=1 shows the response of the model to the 
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During cardiovascular development, blood pressure and blood 
volume flow rate increase continuously to meet the demands of the 
growing embryo. Thus, proper growth laws must describe continuous 
growth and remodeling in response to continuous changes in 
mechanical stimuli. Because wall stresses increase during development, 
while wall strains might not significantly change–as the wall becomes 
stiffer–strain-induced growth laws might be appropriate to describe 
cardiovascular growth during development.

Growth-equilibrium conditions 

The growth-equilibrium strain, εθθ*, and growth-equilibrium wall 
shear stress, τ*, must be such that equilibrium conditions (no growth 
if p and Q remain constant) are achievable. When using the linear 
strain-induced growth law, Eq. 14, if εθθ* cannot be achieved under 
equilibrium conditions, then the tissue volume will either decrease or 
increase, without stopping, even when p remains constant after a step 
increase. When using a threshold strain-induced growth law, Eq. 15, if 
εθθ

* is larger than strains obtained under equilibrium conditions for the 
given imposed p, εθθ

eq, then the tissue volume will not change; whereas 
if εθθ

* is smaller than εθθ
eq the tissue volume will increase without bounds 

(in an infinitesimal strain model). Likewise, if τ* is too small, a non-
physiological, large increase in internal radius will result, whereas if 
τ* is too large, a large lumen constriction/closure will result. Selection 

of a proper εθθ
* and τ* is an important consideration when formulating 

growth-laws. 

The following approximations can be used to estimate equilibrium 
conditions, 

θθρ ≅h ipR  					                   (17) 

Or, if the wall behavior is approximated with that of a linear elastic 
material, 

 
θθε ≅eq ipR

Eh  (18) 

Further, Eq. 13 can be used to estimate the growth-equilibrium wall 
shear stress, given Q and the vascular radius. 

Proper selection of εθθ
* is more restrictive in a linear-elastic 

formulation, assuming small strains and small displacements, that in 
the general non-linear case. During development, the cardiovascular 
walls become stiffer (thus the ‘effective’ elasticity modulus E within 
a nonlinear formulation increases as tissue grows); further, Ri and h 
also increase significantly. A continuous increase in p, together with 
a continuous increase in Ri , E and h can lead to a constant εθθ

eq (see 
Eq. 18). Achievement of a constant equilibrium strain, εθθ

* = εθθ
eq, 

throughout development is thus a reasonable assumption. 

In the developing cardiovascular system, Q increases over time. 
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It is however not certain whether τ also increases with development. 
Some studies show that τ might increase [33], but other studies show 
quantifications of τ during development that are not lower than typical 
values found in the mature cardiovascular system [34]. More studies 
are needed to elucidate this issue. Our assumption of a constant 
growth-equilibrium τ* is certainly a possibility.

Generation of residual stress/strain during development 

As tissue grows, residual stresses and strains arise because the ‘new’ 
tissue has to be accommodated within the vessel, and geometrical 
restrictions exist. This is analogous to the generation of thermal 
residual stresses in structural materials. Residual stresses also arise 
due to differential growth, which happens when tissue does not grow 
homogeneously, and tissue volume changes by a different amount 
in different locations (localized growth). Growth in response to wall 
stresses and/or strains generate differential growth, since, after a 
change in hemodynamic conditions (e.g. an increase in p), distributions 
of stresses and strains are not uniform. Thus, it is not surprising 
that the constitutive growth-laws studied here, Eq. 14 to Eq. 16 and 
combinations of them, generated residual stresses/strains. 

It is well known that cardiovascular vessels are under residual 
stresses/strains (e.g. [6,5]). Transversal cuts of blood vessels produce 
a reduction in vessel length, which implies that in vivo the vessel is 
under tension, and longitudinal cuts result in an opening angle, which 
reveals the existence of circumferential stresses in vivo. Nowadays, it 
is well accepted that in a cylindrical vessel, circumferential stresses 
are approximately uniform throughout the thickness [5,18]. This 
distribution of stresses is believed to originate in the process of 
developmental growth and remodeling, which is certainly captured by 
our simplified models. 

In this study, we showed that a uniform distribution of 
circumferential strains, which leads to an approximately uniform 
distribution of circumferential stresses, can be achieved if growth of the 
developing heart is modulated by circumferential strains. Using strain-
induced growth laws, Eq. 14 and Eq. 15, alone or in combination with 
wall shear stress growth laws, Eq. 16, uniform circumferential strains 
were achieved (Figures 1, 2, 4 and 5). However, if wall shear stress 
growth laws, Eq. 16, are used alone, resulting circumferential strains 
(and stresses) are not uniform. These results suggest that using growth 
laws that only account for the effect of wall shear stresses on tissue 
growth (more specifically radial growth) might not be physiologically 
relevant. However, the proposed strain-induced growth laws, alone 
or in combination with wall shear stress growth laws, can reproduce 
the uniform distribution of circumferential strains/stresses in the 
cardiovascular system. 

Growth in response to an increase in intramural pressure 

In the mature cardiovascular system, an increase in intramural 
pressure results in thicker cardiovascular walls. A thicker wall in turn, 
contributes to an increase in the global stiffness of the wall, which can 
then withstand higher pressures. The threshold strain-induced growth 
law, Eq. 16, reproduced the increase in wall thickness expected after 
an increase in p (Figure 2), thus providing a physiologically relevant 
response to an increase in p.

The linear strain-induced growth model did not seem to reproduce 
the expected increase in wall thickness in response to an increase 
in p (Figure 2). This, however, is because of the ‘artificial’ initial 
conditions chosen: at time t=0 the cylindrical heart was in a stress-
free configuration, and then a pressure, p, was applied. As expected, 

application of p strained the walls of the cylindrical vessel. To attain 
equilibrium, the growth-equilibrium strain, εθθ

* was chosen to be above 
0. As a consequence of this choice, part of the wall had strains that were 
above εθθ

*, which then grew and increased their volume, whereas the 
other part of the wall had strains below εθθ

*, in which volume decreased. 
This resulted in an overall decrease of wall thickness. If choosing a more 
appropriate initial condition, such as having a cylindrical vessel that is 
strained at t=0 with circumferential strains equal to εθθ

*, an increase in 
p will result in an overall increase in wall thickness. This is because the 
increase in p will strain the cylindrical vessel beyond εθθ

* everywhere 
(the same way it strained the stress-free vessel beyond 0 everywhere). 
Because our models are linear, this can be inferred from our results 
without further numerical testing. Thus volume will increase in all 
parts of the wall. Therefore, given the appropriate initial conditions, 
Eq. 15, provides a physiologically relevant response to an increase in p. 

Growth in response to an increase in blood volume flow rate 

An increase in the blood volume flow rate Q that circulates through 
a vascular vessel increases the wall shear stress, τ, on the vessel walls, 
Eq. 13. In the mature cardiovascular system, an increase in τ results 
in an increase in the diameter of the blood vessel. This increase in 
diameter decreases τ and restores homeostatic conditions. Wall shear 
stress is sensed by the endothelial layer, which is in direct contact with 
blood flow, and is composed of a monolayer of endothelial cells, e.g. 
[26,27]. If only the endothelial layer were to respond to changes in wall 
shear stress, then changes in vessel diameter will not be possible (as 
the endothelial-cell layer would not be strong enough to push the rest 
of the cardiovascular walls outwards). Cross-talk mechanisms between 
the endothelial layer and the other layers of the cardiovascular walls 
‘propagate’ the effect of wall shear stress to the whole wall [5,6,14,16]. 
This is expressed mathematically by Eq. 16, which establishes that in 
response to an increase in τ, the whole cardiovascular wall expands in 
the radial direction–thus all layers in a cylindrical representation of a 
vessel wall grow equally in response to the wall shear stress. 

During development, cardiovascular vessel walls are composed by 
an inner endothelial layer, a monolayer of endothelial cells that directly 
senses wall shear stress; an outer myocardium (heart) or smooth-
muscle (vessel) cell layer, as well as extra-cellular matrix [25,35,36]. The 
endothelial and myocardial/smooth-muscle cells secrete extra cellular 
matrix components that contribute to the formation and growth 
of cardiovascular tissue, presumably (at least in part) in response to 
mechanical stimuli [37,38]. Current research suggests that during 
growth of the cardiovascular system, endothelial and myocardial/
smooth-muscle cells act together to increase the vessel dimensions in 
response to shear stress (possibly with different rates), while the extra-
cellular matrix remodels its cross-linked network to accommodate 
the growth of tissue [19]. Therefore, Eq. 16, provides a physiologically 
relevant response to changes in wall shear stress in the developing 
cardiovasculature. 

Combined growth due to blood pressure and blood volume 
flow rate 

Separately, Eq. 14 or Eq. 15 and Eq. 16 uncouple the growth 
response induced by changes in p and Q. This uncoupling can have non-
physiological consequences. For instance, in response to an increase in 
p, the wall thickness might increase at the expense of a reduction in 
the internal tube radius (Figure 2), which then generates an increase 
in τ. In response to an increase in τ, the internal tube radius increases, 
at the expense of large increases in residual circumferential stresses/
strains (Figure 3). To avoid this physiologically unlike responses, a 
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combination of both equations, Eq. 14 or Eq. 15 and Eq. 16, which will 
then consider responses to both deviations from circumferential strains 
and wall shear stresses, is needed. This combination of equations to 
compute growth appears to be a good approximation to growth and 
remodeling in response to hemodynamic conditions (Figure 4 and 5). 

Combinations of shear-stress and strain induced growth laws could 
then be used to predict growth of the developing heart and vasculature 
in response to a continuous increase in p and Q, which resemble 
conditions during embryonic development. To this end, a nonlinear 
theory of growth, which includes finite deformation and growth, 
would be necessary to account for the large changes in cardiovascular 
wall volume that occur during development, as well as developmental 
changes in tissue composition (not considered in our simplified 
model). As cardiovascular tissue volume increases, and cardiovascular 
walls become stiffer, it is feasible that cardiovascular growth in response 
to hemodynamic conditions is driven by small (bounded) deviations 
from growth equilibrium, as the developing cardiovasculature adapts 
to continuous changes in blood flow dynamics. 

Mechanical effects of growing tissue 

Our results suggest that mechanical coupling affects cardiovascular 
growth in response to hemodynamic conditions. In the examples 
considered, tissue growth is aided by mechanical coupling within 
the continuum model of the tubular vessel. For instance, when the 
threshold strain-induced growth law, Eq. 15, is used to compute 
tissue volume changes in response to a step increase in p (Figure 
2), a priori it seems that only the inner part of the tubular wall, in 
which circumferential strains are larger than the growth-equilibrium 
circumferential strain, εθθ

* ,would increase in volume. However, as the 
inner portion of the tubular vessel grows, strain in the outer portion 
of the heart increase, and, in turn, the outer part of the vessel wall 
also grows (increase in volume) until the entire wall thickness has 
the same circumferential strain (Figure 2). This is also the case when 
a combination of responses to blood pressure and wall shear stresses, 
Eq. 15 and Eq. 16, is considered (Figure 5). Although not as evident, 
mechanical coupling also influences strains in the linear strain-induced 
growth law, Eq. 14, and when a combination of linear strain-induced 
and wall shear-stress-induced growth laws is considered. Because 
mechanical coupling affects distributions of stresses and strains in the 
walls of the developing cardiovascular system, our results suggest that 
mechanical coupling is an important component of growth in response 
to hemodynamic conditions. Mechanical coupling, however, is very 
difficult to determine using only experimental results, and therefore 
mathematical models of growth may be needed in identifying growth 
mechanisms during cardiovascular development. 

Conclusion 
In this paper, we considered growth laws that could be applied to 

cardiovascular growth during development, when blood pressure and 
blood volume flow rate increase continuously with developmental 
time. We proposed that strain-induced growth laws combined with 
wall shear stress growth laws, which account for changes in pressure 
and blood volume flow rate, respectively, are feasible in the modeling 
of developmental cardiovascular growth. Further, we showed that the 
proposed laws can reproduce physiological behaviors that are expected 
from growth and remodeling in response to hemodynamic conditions. 

Mathematical modeling and simulation of cardiovascular growth 
revealed an interesting interaction between tissue growth and how 
growth affect tissue stresses/strains and could therefore promote further 

growth. Our results showed the importance of mechanical coupling 
in strain-induced (or stress-induced) growth. To fully understand 
the consequences of growth in terms of mechanical coupling and 
generation of residual strains/stresses, mathematical modeling 
is needed. However, to properly model growth and remodeling, 
experimental data is required. Thus, a combination of experimental 
and theoretical approaches is needed to fully understand how cardiac 
and vascular growth and remodeling occur in response to mechanical 
stimuli during developmental stages and beyond. 
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