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Abstract

explained the reasons behind each step.

L

Diffusion tensor imaging (DTI) is one of the most powerful magnetic resonance imaging (MRI) techniques developed
in the twentieth century. In spite of the fact that DTI has been in use for more than two decades, it is still hard to
find publications that simplify mathematics behind DTI for DTI users without extensive mathematical background.
We believe that this may prevent some researchers from using DTI technique to its fullest extent. To the best of our
knowledge, there are no published reviews which have tried to clarify the methods of DTI measurement and analysis. In
this article, we attempted to explain the mathematics of DT in simple terms with the goal of providing DTl users, with a
better understanding of this technique and its usage. In addition, we have also described the DTI processing steps and

J

Keywords: Diffusion tensor imaging; Mathematics; Diffusion
weighted imaging; Eigen values; Eigen vectors

Background and Purpose

Neurological disorders of the brain which affect the white matter
(WM) may bring microscopic changes that eventually affect the water
diffusion in and around affected regions. From the perspective of
diagnosis and treatment of any disease it is imperative to detect these
changes as early as possible. The main advantage of diffusion tensor
imaging (DTI) is its ability to capture the information regarding
diffusion of water molecules at the microscopic level, which is otherwise
not feasible with other conventional magnetic resonance (MR)
contrasts. The efficacy and power of DTI in providing this microscopic
information non-invasively has enabled clinicians and researchers to
study numerous neurological disorders of the brain.

Since its initial development in the early 1990s [1] the field of
DTI has advanced rapidly with hundreds of publications describing
pathophysiological changes in the brain white matter (WM) brought
on by the disease process, as well as properties of the intact brain WM
in healthy humans. Many articles and books have been written to
describe the theory [2-6] and mathematics behind DTI [7-9] as well as
softwares for DTI data processing and analysis [10,11]. Nevertheless,
DTT users without extensive mathematical background may lack a good
understanding of mathematical concepts of DTI. The DTT literature
has a tendency to utilize rigorous mathematical descriptions of the DTI
technique [7,8], which may limit the comprehension of the technique
for those DTI users without extensive mathematical background.
Literature which has tried to explain the underlying concepts of DTI
without rigorous mathematics [12] has failed to show a connection
between the DTI concepts and the mathematics on which DTI is based.
Despite several publications attempting to make this connection, clear
descriptions of DTI, DTI image processing and the reasons behind
each processing step are needed. The aim of the present article is to provide
DTT users with simple, easy-to-understand explanations of the geometrical
and physical interpretation of the mathematics behind DTL

Understanding DTT Mathematics
Brief explanation of the term DTI

Diffusion is a net movement of molecules due to the concentration

gradient' (in general gradient means a gradual increase or a decrease
in magnitude of any physical quantity for e.g. temperature or pressure
in space or over time, here it refers to the difference in concentration),
called mass transport, arising as a result of mixing particles without
requiring any bulk motion (i.e. any non-individual molecule
movement) of the particles [13]. In the case of DTI, the particles are
water molecules. Applied to the nervous system WM, diffusion is used
indirectly as a probe to study the underlying neuronal fiber tracts.
The diffusion mobility of water, denoted by a diffusion coefficient in
the brain varies spatially due to the orientation and organizational
nature of neuronal fiber tracts and it changes with the health of the
neuronal fiber tracts. Diffusion phenomenon is explained using Fick’s
law and Brownian motion. Albert Einstein related Fick’s law and
Brownian motion to explain diffusion. To remain with the scope of this
article we briefly explain Fick’s law, Brownian motion and Einstein’s
relation that unifies them. Imagine a small glass tank which contains
a mixture of two different solutions in different concentrations, due
to the difference in concentration in the solute particles in different
regions there will be net flow of the solute particles from the region
of higher concentration to the lower concentration (for e.g. like heat
flowing from a higher to a lower temperature region). The net flow of
the molecules depends on the concentration gradient and the intrinsic
diffusion constant of the molecule. This is explained using Fick’s law

'Diffusion happens through Brownian motion, even in the absence of any
concentration gradients, though in the presence of a concentration gradient there
may be net transport of a substance
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(Equation 1 below) which states that the net flow of molecules called
the diffusive flux (J) (Latin word for flow) is equal to the concentration
gradient (VC where V denotes gradient and C is the concentration of
the particles) multiplied by the diffusion constant D of the molecule
[4]. However, even under equilibrium conditions (i.e. without any
concentration or temperature or pressure differences) there is still
microscopic motion of molecules with no net flow of molecules this
is called as Brownian motion (the basis for this comes from Robert
Brown’s observation of pollen grains which when suspended in water
under equilibrium conditions displaced). This microscopic motion of
the molecules under equilibrium conditions is measured as the average
displacement of the molecules in a given time (say a time interval over
which we observe the molecules). Albert Einstein gave a probabilistic
model to describe the displacement of an ensemble of molecules (group
of molecules) by relating the Fick’s law and Brownian motion as given
in equation 2 below. The x* denotes mean square displacement (mean
square is used because there is an equal probability that a molecule can
move in +x or -x direction thereby giving a zero average value), D is the
diffusion constant of the particle and t is the time interval over which
the displacement was observed more details can be found in [13].

J=DVC 1
x2=2Dt ()

Tensor can be crudely defined as the characterization of the
physical system properties. A tensor is a mathematical way to express
a physical phenomenon. Briefly, for example a zeroth order tensor is
one that is used mathematically to express a physical phenomenon/
quantity that has only magnitude (but no direction) for example
temperature, pressure (commonly known as scalars), more details are
given in section 2.4 below. In DTI, the diffusion process (of water) is
described using a second order tensor model.

Image is a visual representation of any physical phenomenon. It
is generally a spatial representation i.e. a map of a physical or a non-
physical quantity in either 2- or 3- dimensions. In DTI, imaging refers
to the spatial distribution of the density of diffused water protons in the
underlying tissue.

Why use DTT?

The DW data set can be obtained by applying DW gradients (i.e.
in addition to the other gradients used in conventional MR imaging
(for more details refer to Supplementary Material 1) in any number
of directions to measure water diffusion in the underlying tissue. DW
images obtained before the advent of DTT merely applied DW gradients
along three orthogonal directions, generally denoted by X, Y and Z.
This three-directional diffusion weighted imaging was called “diffusion
imaging”, and will be referred to as diffusion imaging in the rest of this
article. Using this three directional DW dataset diffusion coefficient is
estimated which is less than the normal diffusion coefficient of water
(1.0 x 10* mm?/s). This reduction in diffusion coefficient occurs due to
inhomogeneous (i.e. varying with position) and anisotropic (i.e. varying
with direction) nature of the WM fiber tracts. Thus, the coefficient of
diffusion is termed as apparent diffusion coeflicient (ADC).

Prior to DTI, diffusion imaging failed to fully account for the fact
that diffusion in tissues such as WM of the brain carries different values
in different directions (i.e. diffusion phenomenon is more than a vector
quantity, more on this in upcoming sections). This property of the
WM diftusion is referred to as anisotropy (i.e. varying with direction).
The anisotropic diffusion in brain WM is due to its highly coherent
organization as well as its tissue composition (i.e. axonal membrane,
microtubules, microfilaments and myelin). On the other hand, if the

value of the physical quantity does not change with direction it is
called “isotropic”. For instance, when the diffusion of water is entirely
unconstrained (e.g. in a cup of water), the diffusion of water molecules
is called ‘isotropic’, meaning that the path a given molecule follows
through space is governed by Brownian motion, and it is equally likely
to move in any direction. The diffusion imaging approach (before DTT)
did not fully capture the anisotropic water diffusion.

For example, Figure 1 (left) shows the isotropic and anisotropic
diffusion process; in the case of isotropic diffusion, water molecule
displacement is equal in all three directions (i.e. X, Y, and Z) taking
a spherical shape as shown in Figure 1 left. On the other hand, when
diffusion is anisotropic, water molecular displacement differs when
measured in different directions taking an ellipsoidal shape (Figure
1 right)’. DW imaging does not capture this ellipsoidal shape hence,
insufficient for describing water diffusion in neuronal tracts which are
highly convoluted and where water diffusion is anisotropic; however,
this limitation has been overcome by DTI

Understanding DTT using the matrix notation of the diffusion
constant

The following sections will provide the equivalent mathematical
description of the difference between diffusion imaging and DTIL
Matrix? notations I and II below expresses D matrix for DTI (I) and
diffusion imaging (II), indicating the primary difference between DTI
and diffusion imaging. If a diffusion sensitizing gradient is applied to
only 3 directions (i.e. X, Y and Z) as in the case of diffusion imaging,
then diffusion coeflicients can be estimated only along these 3
directions which are DD and D,,. Due to the fact that the diffusion
in the brain WM tracts is anisotropic, measuring diffusion along X,
Y and Z directions (i.e. vector model) is not sufficient to describe the
diffusion process in this tissue. In essence the diffusion imaging does
not fully capture the anisotropic diffusion, (this is denoted by zero oft
diagonal elements in notation II) whereas DTI does. To capture the
anisotropic diffusion in addition to the 3 main directions ie. X, Y,
Z, diffusion is measured along the off diagonal elements XY, XZ and
YZ directions with the corresponding diffusion coefficients D_, D,
D, as presented in notation I. Even though the diffusion matrix for
an1s0tr0p1c diffusion has 9 elements only 6 independent elementsthe
Dyx or Dxy tensor element represents more of a correlation between
diffusion in the X and Y directions in the chosen reference frame
similarly for yz and zx directions,soD D ,D =D D =D ,D =D ,
D, =D_hence we need to measure only along 6 1ndependent dlrectlons
ny sz D,D D, and D, more information about the tensor and

Assume that this water Assume that this water
Y molecule has diffused molecule has diffused
1sotropically anisotropically

Figure1: Pictorial diagram of isotropic and anisotropic diffusion.

'This ellipsoidal shape can be prolate (meaning that if the parallel eigenvalue
is very much greater than the perpendicular eigen values AM1>> A= A,) or oblate
(where A, = \,>>\,) to capture the range of shapes we see in diffusion tensors.

2A matrix is a mathematical notation used to arrange numbers or symbols in terms
of the row and column elements.
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its symmetric property is given in section 2.4 below) are required to
capture anisotropic diffusion i.e. Dxx, Dyy, Dzz, Dxy, Dxz, Dyz.

Dx\ D\\ D\z
D, D, D, I
D, D, D,
D, 0 0
D, 0 II
0 0 D,

In essence, in the case of anisotropic diffusion, diffusion constants
need to be measured in at least 6 different orientations: D_ Dyy D, D
D » ,D, (as D D D =D_,D, =D ). Thisis due to the fact that in tlssues

such as the brain WM dlfrfyuswn assumes the shape of an ellipsoid and a
tensor can best describe the anisotropic diffusion, i.e. the ellipsoid.

Understanding the physical and mathematical description of
the tensor

In the matrix notation used to denote D, i.e. D, Dyy, ny (using
subscripts to D), the notation D with two subscripts is a second
order tensor notation. The geometrical description of the ellipsoid in
the previous sections is in fact a physical description of the tensor.
Mathematically, a tensor denoted by T, is called a second order
tensor, where the subscript i represents a 3-dimensional coordinate
system, such as X, Y and Z, while subscript j represents another set
of 3-dimensional coordinates such as X1, Y1 and Z1. The diffusion
tensor matrix is a covariate matrix (covariate means variation with
respect to two variables) of the stochastic (a stochastic process is one
whose statistical properties such as mean, variance etc. vary with time)
paths of molecules. For these reasons a tensor has two subscripts and
it is symmetric i.e. for example D _=D ). Because of this symmetric
property, the tensor matrix is real valued (numerical values can be real
or complex). The eigen values of this tensor matrix are then obtained
by a mathematical procedure called matrix diagonalization (matrix
diagonalization or eigenvalue estimation is a mathematical procedure
where a transformation matrix is found in such a way that it will
transform (rotate) the given input matrix to its principal orientation,
after diagonalization except the diagonal elements all the off diagonal
elements will become zero). The diagonal elements obtained after
matrix diagonalization are invariant (do not vary with the direction of
measurement) and are called as eigenvalues. Moreover, the eigenvalues
are positive since the tensor is positive definite. As shown in Figure 2, in
the case of diffusion tensor ellipsoid we need 3 parameters to describe
its shape: denoted by L1, L2 and L3, as well as the three coordinates to
describe its orientation in space (8, 6 and ©).

YJL

L2

!
_/5/ =

Z

Figure 2: The number of parameters required in order to describe the ellipsoid
in space: 1 major axis, L1; two minor axes L2 and L3; and 3 coordinates: 8, 6
and ®.

Imaging

Now that we understand what a tensor is, we can acquire data so that
we can estimate this tensor element in every voxel in the brain tissue.
As mentioned earlier, the diffusion tensor matrix has only 6 elements
(the matrix in total has 9 elements) that are independent i.e. Dxx, Dyy,
Dzz, Dxy, Dyz and Dzx. In order to determine these 6 elements DW
images have to be acquired in 6 non-collinear (points do not lie along
the single straight line) directions. Therefore, the minimum number
of directions in which we need to acquire data in order to reconstruct
diffusion tensor in each voxel is 6 plus a non-diffusion weighted image
which is commonly known as b=0 image (using b=0 image only we can
estimate how much diffusion has occurred in the diffusion weighted
image).

DTI Image Processing

In this section, we describe DTT image processing step-by-step and
also describe briefly the reasons behind each step. The image processing
steps are as follows: 1) Oblique angle correction, 2) Susceptibility
artifact correction, 3) Eddy current distortion correction and motion
correction, 4) Rotating the gradient table, 5) Fitting DTI data and
estimating the DTT metrics such as fractional anisotropy (FA), mean
diffusivity (MD), axial diffusivity (AD) and radial diffusivity (RD), 6)
Artifacts, noise in DTT and 7) Normalization to template images.

Oblique angle correction

For oblique angle correction, what matters is the oblique angle
between the scanner and image coordinates. Scanner coordinates refer
to the coordinates of the MRI scanner and image coordinates refers to
the coordinates of the DTT images. Both scanner and image coordinates
are based on the 3-way coordinate system, denoted by x, y, and z
direction. Unlike other conventional MR images, DTI has vectorial
information, and thus this vector information has to be preserved
correctly during data preprocessing, so that the diffusion tensor matrix
can be correctly estimated. The first essential step is to correct for the
oblique angle between the scanner and image coordinates. The oblique
angle information is stored in the MR image. Open ware MRI convert
(http://lcni.uoregon.edu/~jolinda/MRIConvert/) extracts the oblique
angle information from the MR image and performs the correction for
it and outputs the corrected gradient vector file (in diffusion weighted
imaging a gradient file is the one which contains information about
the directions in which the diffusion weighting gradients were applied)
which will be used in the subsequent processing steps (described below).
Statistical parametric mapping (SPM) an open software (software has
toolboxes (http://www.fil.ion.ucl.ac.uk/spm/toolbox/) to correct for
oblique angle. Explore DTT (http://www.exploredti.com/) can also be
used to correct for oblique angle.

Susceptibility artifact correction

DTI data is acquired using echo planar imaging sequence (EPI). EPI
is a fast imaging sequence which suffers from susceptibility artifacts,
due to the inhomogeneities in the magnetic field. Susceptibility artifacts
occur due to differences in magnetic properties (i.e. susceptibility) of
different tissues. The susceptibility effects are more pronounced at the
air/tissue interfaces in the brain tissue. The phase of the MR signal is
mainly determined by the local gradient field (phase and frequency
encoding gradients, see Supplementary Material 1) and the magnetic
field inhomogeneity (caused by the susceptibility differences between
air/tissue interfaces). The phase information in turn determines the
position of the voxel in an MR image [14]. The evolution in phase
(phase change over time) between two adjacent sample points in
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k-space (for details on what is k-space please refer to Supplementary
Material 1) is sensitive to the magnetic field inhomogeneities [14]. In
the EPI sequence the magnetic field inhomogeneities significantly affect
the pixel position along the phase encoding direction when compared
to the frequency encoding direction [14]. Therefore, magnetic
field inhomogeneity due to the susceptibility differences (air/tissue
interfaces) affects the phase of the MR signal causing mislocalization
of voxels in the image. These, mislocalized voxels can be repositioned
(restored to their original location) using the phase information (MR
images are reconstructed using Fourier Transform which is a complex
variable i.e. it has both magnitude and phase information). One of the
commonly used approaches to correct for susceptibility artifacts is
to use field maps. Field maps capture phase evolution over time; this
is achieved by acquiring magnitude and phase images over two echo
time points (for what is an echo time see Supplementary Material 1).
Other approaches that are used to correct for susceptibility artifacts
include non-linear registration of the diffusion weighted images to
T1-weighted images. The amount of deformation (in voxel positions
after non-linear registration) gives the amount of distortion due to
susceptibility artifacts. Therefore, the deformation information is used
to restore the voxels to their actual positions, more information on this
can be found elsewhere [15]. Another approach to correct susceptibility
artifact is to acquire two EPI images one traversing the k-space from
top to bottom and another from bottom to top. These two images
have distortions in opposite direction but with identical magnitudes
(these are called as distorted images). A model of the image formation
process of spin echo-EPI together with these distorted images is then
used to correct for the susceptibility artifacts more details can be found
in Andersson et al. [16]. Parallel imaging is now commonly employed
in DW imaging. This technique not only reduces the susceptibility
artifacts but also the scan time (depending on the parallel imaging
factor). Briefly, in parallel imaging the field of view (FOV) (the area
to be scanned) is divided among multiple arrays of receiver coils (each
receiver coil has the sensitivity profile corresponding to some part of
the divided FOV in k-space) and the signal from each receiver coil is
then combined to produce a final image. For example, let us assume
that we have two receiver coils, the FOV (k-space) is then divided into
two halves say top and bottom, array coil one will capture the top of
the FOV and the array coil 2 covers the bottom FOV. The signal from
these two coils (top of FOV and bottom of FOV) are then combined
to get the final image. Since each array coil covers a certain portion of
the k-space the number of phase encoding steps is reduced eventually
reducing the susceptibility artifact and the scan time (since the signal
is captured simultaneously in the two array coils). Different parallel

Figure 3: a) Shows susceptibility artifact in DTI data collected from one of our
amyotrophic lateral sclerosis (ALS) patients, b) arrows indicate mislocalized
voxels that were restored using field map correction procedure.

imaging techniques such as SMASH, SENSE, GRAPPA are available
depending on whether the image reconstruction is done in the k-space
or in image space, more details can be found in [17].

Briefly the toolboxes that are available to correct susceptibility
artifact include FUGUE from FMRIB (Functional Magnetic Resonance
Imaging of Brain) software library (FSL) (http://fsl.fmrib.ox.ac.uk/fsl/
fslwiki/FUGUE) using field maps, TOPUP toolbox in FSL (http://
fsl.fmrib.ox.ac.uk/fsl/fslwiki/TOPUP)  performs correction for
susceptibility artifact using Andersson et al. [16] approach i.e. using
images with opposite the phase encoding blips. Similarly, SPM offers
FieldMap toolbox to correct for susceptibility artifacts using field maps
(http://www filion.ucl.ac.uk/spm/toolbox/fieldmap/). Figure 3a and 3b
shows typical example of a diffusion weighted image with susceptibility
artifact and after its correction.

Eddy current distortion correction and motion correction

Eddy currents are currents (formed due to diffusion gradients)
that flow in the direction opposite to the main current. Eddy current
artifacts occur because of the on/off switching of the diffusion gradients
while acquiring the DW images and cause shearing (i.e. skewing the
geometry of an object) and scaling (i.e. changing the size of an object).
Most DTI image processing softwares correct for the eddy currents
along with motion correction (i.e. patient’s head motion in between
the DW image acquisitions) by using a 12 parameter transformation
(also known as affine transformation) to modify an object so that it
matches the target object, non-diffusion weighted b=0 images are
used as a target as they do not have the artifact. The rotational and
translational parameters of the affine matrix account for the head
motion correction and the remaining 6 parameters (i.e. 3 shear and 3
skew values) account for the eddy current distortion correction. MR
hardware based eddy current distortion correction methods are also
available these include: a) self-shielded gradient coils with additional
wiring reduce the gradients outside the gradient coils, b) eddy current
arising from RF coils can be minimized by using coils with reduced
conductive surfaces and c) the shape of the currents to the gradient
hardware can also be adjusted to correct for eddy current distortion,
for example in the commonly used trapezoidal shape the current can
be increased on the upward and downward slopes of the pulse to the
coil [18].

In FSL the diffusion toolbox (FDT) (http://fsl.fmrib.ox.ac.uk/fsl/
fsl-4.1.9/fdt/fdt_eddy.html) has both graphical user interface (GUI)
and command line option to correct for eddy current distortion. In
GUI ‘Eddy Current Correction’ in FDT toolbox can be used and in
command line version option is “eddy_correct” command can be
used. Other softwares that offer eddy current correction include SPM
toolboxes, DTT Studio (https://www.mristudio.org/wiki/DtiStudioV2)
and explore DTI.

Rotating the gradient table (B vector)

Once eddy current correction is performed, the gradient table
needs to be re-oriented (to account for the eddy current and motion
distortion correction steps), so the gradient table is multiplied with
the affine 12 parameter matrix obtained in the above eddy current
correction step. The gradient table after oblique angle correction
should be used for this correction. This step ensures that the gradient
table is in the same orientation as the DW images. In FSL software
the command line program “rotate_bvecs” is used to rotate the
gradient table after correcting for artifacts. Explore DTI software
can also be used to perform this pre-processing step. SPM toolboxes
can also be used.
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Fitting the data

Finally, the pre-processed DW images are fitted to the DTI model,
which refers to the model used to characterize the diffusion of water
molecules in tissues, followed by the estimation of the DTI metrics such
as fractional anisotropy (FA), mean diffusivity (MD), axial diffusivity
(AD) and radial diffusivity (RD) etc. The process of fitting the data is
explained below.

There are only six unknowns (D, DW, D, ny, Dy,) D ) in the
diffusion tensor matrix notation I thus if we have a 6-directional
DW data set then the unknown diffusion constants can be obtained
by solving the equation. On the other hand, if DW data is acquired in
more than 6 directions® then the number of equations is more than the
number of unknowns and the problem is said to be overdetermined.
For an overdetermined system, the solution can be obtained by fitting
to the equation 2 below.

SD —1000D
“b=¢ 3
S @

o

In equation 2 S_ is the diffusion weighted data (obtained with
b=1000) and S is the b=0 image. More details on the equation 2 and its
derivation for readers interested in mathematical details are provided
in Supplementary Material 2. Additionally, a simple algebraic analogy
is given in Supplementary Material 3 illustrating the difference between
solving and fitting procedures.

After fitting the DWI images a diffusion tensor matrix is obtained
in each voxel as given in notation II. This tensor matrix, as mentioned
above, has 6-dimensional information, we normally reduce the
6-dimensional tensor information to 3 dimensions by a mathematical
process, called matrix diagonalization or rotation to principle direction
(explained in section 2.4). This step will result in eigenvalues and
eigenvectors for each and every voxel in the image. Eigenvalues are
useful in characterizing the anisotropy in white matter tissue.

Figure 4 provides an analogy/depiction using a vector for the
diagonalization procedure. From Figure 4, we can see that when vector
R is not in its principal orientation (inclined at an angle 6 with respect
to X-axis) R is resolved into the components along X and Y as (X cos
0, Y sin 0). On the other hand, when vector R is rotated to either X
or Y (i.e. its principal orientation for present purposes is rotated
to the X axis, which can be similarly applied for the Y axis) then the
components of the vector R (i.e. X cos 0) become X (as =0, cos0=1
and the Y sin 6=0 as sin 0=0). Diagonalization of the diffusion tensor
matrix to obtain eigenvalues and vectors is similar to this analogy, and
the diffusion tensor matrix after diagonalization gives eigenvalues as
shown in matrix notation IV.

[xcosfysing 0] e [x00] I
D, D, D, A 00
Dy( D)y Dy; Diagonalization 0 4 0 v
D, D, D, 0 0 4

where A, A, and A, are the eigenvalues. Softwares FSL, SPM, DTI
studio, Explore DTT and Track v is (http://trackvis.org/) can be used
for tensor fit.

3Commonly, DW data are acquired in at least 25 or more directions to improve
signal to noise ratio and for the robust estimation of eigenvalues; in other words,
there are more than 6 directions

When vector B is not in its principal
orientation R is resolved into components
¥ along x and v called as x cos8, ¥ sinf.

weind T R

VWhen vector R is rotated to bring it to x axis
(similarly it can be done for y axis too) then
there exists no components of the vector B as
x cosl, ¥ sind but only x.

Figure 4: lllustration for diagonalization of a tensor matrix using an analogy.

DTI metrics (derived from the eigenvalues) and their
interpretation in pathological tissue

MD, FA, AD and RD (commonly used DTI metrics) and other DTI
metrics such as Trace (D)[19], relative anisotropy (RA) and measures
that describe the geometry (shape of the diffusion tensor) proposed by
Westin such as linear, planar and spherical indices [20,21] can also be
calculated from the eigenvalues. The formula for MD, FA, AD, RD,
Trace (D), RA, Westin’s indices CL, CP and CS using eigenvalues is
given in equations 3-11.

MD:Lﬁi%iiﬁ ©
AL ﬁ J(A ~MDJ'+(/, ~MD)' +(4 - MD) -
2 A4+ A

AD =4, (6)
RD :M (7)

2
Trace(D)=4 + 4, + 4, (8)
g\ = MDY+ (4, ~MD)’ + (4, ~ MDY )

MD
_(h-4)
L= Trace(D) (10)
P 2(4L,-4) (1)
Trace(D)

3 (12)

CS=——"-"—
Trace(D)

The eigenvectors are obtained from eigenvalues and they provide
information about the orientation of the tensor as shown in Figure 5a,
where the lines indicate the orientation of the ellipsoid in each voxel.
Combining FA values in each voxel with this orientation information
from the eigenvector virtual neuronal tracts are reconstructed (Figure
5b), which is termed fiber tractography.

These DTI measures have been interpreted as reflecting different
types of pathophysiology related to neuronal degeneration. MD is
the average of eigenvalues and provides information regarding the

Brain Disord Ther, an open access journal
ISSN: 2168-975X

Volume 6 « Issue 2 + 1000229



Citation: Rajagopalan V, Jiang Z, Stojanovic-Radic J, Yue GH, Pioro EP, et al. (2017) EA Basic Introduction to Diffusion Tensor Imaging Mathematics
and Image Processing Steps. Brain Disord Ther 6: 229. doi: 10.4172/2168-975X.1000229

Page 6 of 7

Figure 5: a) Short white lines indicate the eigenvectors in each voxel in a
brain coronal slice. b) An example of the typical fiber tractography showing
reconstructed virtual neuronal tracts (blue color) based on FA values and
eigenvectors.

—7

N

Figure 6: A typical example of an N/2 ghosting artifact commonly seen in DTI
data (in one of our amyotrophic lateral sclerosis (ALS) patient data).

amount of obstruction to water molecule diffusion. In general, increase
in MD values reflects loss of the integrity of axonal fiber tracts and
myelin damage. The FA value is the variance of eigenvalues in a given
voxel and a decrease in FA reflects axonal and myelin degeneration.
FA values range from 0 to 1 with zero corresponding to isotropic
diffusion suggesting loss of neuronal fiber tracts and 1 to anisotropic
diffusion suggesting coherent and intact fiber tracts. Madler [22] et al.
evaluated whether the anisotropy is due to myelin or axonal integrity
by comparing DTI metrics FA and MD with myelin water fraction
(MWF) (a measure based on the myelin water content obtained using
a quantitative technique called as T2 relaxometry). They observed that
FA and AD correlated significantly with MWF, however in regions of
highly organized fiber tracts such as corpus callosum (CC) the diffusion
anisotropy measures did not correspond to high MWF suggesting that
anisotropy is due to both the myelin and axonal integrity. Beaulieu [23]
showed that changes in FA values can result from either differences
in axial diffusivity, radial diffusivity or both. There is accumulating
evidence that the integrity/degeneration of axons is reflected by AD [2]
and of myelin by RD [1,24].

Hofling et al. [25] found an increase in RD and a decrease in AD in
Globoid cell leukodystrophy patients in whom both axonal and myelin
damage were observed. They also found that DTI metric changes
correlated significantly with histopathological results of myelin and
axonal damage. Aging studies [26] found changes in FA in CC, internal
capsules, frontal, parietal and occipital white matter tissues which
appeared normal in other conventional images such as T1-Weighted
images. Hugenschmidt et al. [27] found widespread reduction in FA
values in aging population in white matter tissue when compared to
white matter volume changes suggesting that DTI measures are more
sensitive to WM damage.

Changes in MD and FA values have been reported in neurological
conditions such as stroke (during transition from acute to subacute to
chronic stroke, MD decreases and FA increases in acute phase, then
renormalizes and then increase in MD with a decrease in FA was found

during the chronic stroke) [28], increase in MD with a decrease in
FA has been observed in the sclerotic hippocampi of chronic epilepsy
patients [29]. In the case of brain tumor patients an increase in MD
values with a decrease in FA was observed in cystic or necrotic areas
[30]. These changes are interpreted as being reflective of organizational
changes (loss of structural organization and expansion of extra-cellular
space) when cytoarchitecture is disrupted. We found that AD and RD
values were significantly elevated in Amyotrophic Lateral sclerosis
patients indicative of myelin and axonal damage [31,32].

Artifacts, noise in Diffusion MRI

Partial volume effects occur due to the heterogeneous nature of
different tissue types in the brain (compartments of white matter-white
matter, white matter-grey matter etc.). Partial volume effects causes
higher uncertainty (since there is always noise along with the signal we
measure in the diffusion data, the diffusion tensor estimation always
has some uncertainty associated with its estimation) in the estimates
of anisotropic measures FA and trace [33]. Similarly, background
noise can also cause DW image intensity to reach baseline noise floor
leading to biased estimates of eigenvalues. The presence of noise can
cause isotropic media to appear as anisotropic and anisotropic media
to appear more anisotropic. Pierpaoli and Basser [34] proposed using
intervoxel coherence of eigenvectors in the neighboring voxels to
improve the estimate of eigenvalues [35].

In addition, the noise in diffusion weighted images affect fiber
tracking. The noise characteristics (i.e. improving the effective or
measured signal to noise ratio (SNR)) can be changed by using a filter.
This is known as regularization. One of the post-processing methods
used to filter noise is spatial smoothing. There are three ways to perform
the smoothing a) smoothing the diffusion weighted images before
fitting the tensor; b) smoothing the eigenvectors and eigenvalues or
c) smoothing the tensor itself [36]. The information conveyed by the
tensors is lost if we use approach a) i.e. smoothing the DWI dataset or
approach b) i.e. smoothing the eigenvalues and eigenvectors. However,
tensor regularization methods preserve the information in tensor and
are preferred, several tensor regularization methods are available for
more details refer to [36,37].

N/2 ghosting (also called a Nyquist ghosting) is another type of
artifact commonly seen in DWI dataset. N/2 ghosting [18] occurs
because the k-space is sampled in a zig-zag manner with odd lines of
k-space displaced from the even k-space lines. Figure 6 shows a typical
example of an N/2 ghosting artifact. It can be seen from the Figure 6
that N/2 ghosting occurs in phase encode direction (vertical direction).
N/2 ghosting can be mitigated by reducing the number of phase
encoding steps; parallel imaging can be used. Another approach is to
use navigator echoes (navigator echoes capture the zig-zag information
which allows correction using post-processing methods [18].

Normalization to template/Atlas images

Exploratory analysis techniques such as voxel based morphometry
(VBM), tensor based spatial statistics (TBSS) require registration of
subject’s DW (or the maps of FA, MD etc.) images to atlas (or template)
space. This is done in order to ensure that homologous regions are being
compared across the groups (for example between control and patient
groups). Since DTI data has both tensor and scalar (derived from the
tensor) information ,normalization can be performed using either
maps of scalar measures such as FA (for example in TBSS approach)
or using the tensor information itself [38,39]. It is demonstrated
that using tensor information for image registration provides better
normalization of tract morphology and orientation when compared to
using scalar measures such as FA or trace [40,41].
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conclusion

In this overview, we tried to provide a simple explanation of

the terms frequently used in DTI studies, as well as the geometrical
meaning of the underlying DTT mathematics. We also tried to explain
the details related to the DTI image processing steps. In order to
stay within the scope of the article, some important details, such as
different tractography approaches for reconstructing virtual neuronal
fiber tracts, were not covered. The diffusion process can not only be
described using a tensor model but it can also be model-free as is the
case with diffusion spectrum imaging, not described here. Future
reviews will address these components of diffusion weighted imaging.

Acknowledgment

This study was supported by a National Institute on Disability and

Rehabilitation Research (NIDRR) training grant (H133P070007)

References

1.

Basser PJ, Mattiello J, LeBihan D (1994) MR diffusion tensor spectroscopy and
imaging. Biophys J 66: 259-267.

Johansen-Berg H, Behrens T (2009) Diffusion MRI: From quantitative
measurement to in vivo neuroanatomy (1stedn). Elsevier, San Diego, CA, USA

Bammer R (2003) Basic principles of diffusion-weighted imaging. Eur J radiol
45: 169-184.

Basser PJ, Mattiello J, LeBihan D (1994) Estimation of the effective self-
diffusion tensor from the NMR spin echo. J magn reson Ser B 103: 247-254.

Mori SS (2007) Introduction to diffusion tensor imaging (1stedn). Elsevier
Amesterdam, Boston.

le Bihan D, Mangin JF, Poupon C, Clark CA, Pappata S, et al. (2001) Diffusion
tensor imaging: concepts and applications. Journal of magnetic resonance
imaging. JMRI 13: 534-546.

Kingsley P (2006) Introduction to diffusion tensor imaging mathematics: Part I.
Tensors, rotations, and eigenvectors. Concepts Magn Reson Part A 28A:101-122.

Kingsley P (2006) Introduction to diffusion tensor imaging mathematics: Part
IIl. Anisotropy, diffusion-weighting factors, and gradient encoding schemes.
Concepts Magn Reson Part A 28A: 123-154.

Kingsley P (2006) Introduction to diffusion tensor imaging mathematics: Part
iii. Tensor calculation, noise, simulations, and optimization. Concepts Magn
Reson Part A 28A: 155-179.

10. Jiang H, van Zijl PC, Kim J, Pearlson GD, Mori S (2006) DtiStudio: Resource

program for diffusion tensor computation and fiber bundle tracking. Comput
Methods Progr Biomed 81: 106-116.

11. Smith SM, Jenkinson M, Woolrich MW, Beckmann CF, Behrens TE, et al. (2004)

Advances in functional and structural MR image analysis and implementation
as FSL. Neuroimage 23(S1): S208-219.

12. Hagmann P, Jonasson L, Maeder P, Thiran JP, Wedeen VJ, et al. (2006)

Understanding diffusion MR imaging techniques: From scalar diffusion-
weighted imaging to diffusion tensor imaging and beyond. Radiographics
26(S1): S205-223.

13. Basser PJ, Ozarslan E (2009) Introduction to diffusion MR (1stedn). Elsevier

San Diego, CA,USA.

14. Jezzard P, Balaban RS (1995) Correction for geometric distortion in echo

planar images from BO field variations. Magn Reson Med 34:65-73.

15. Huang H, Ceritoglu C, Li X, Qiu A, Miller MI, et al. (2008) Correction of BO

susceptibility induced distortion in diffusion-weighted images using large-
deformation diffeomorphic metric mapping. Magn reson imag 26: 1294-1302.

16. Andersson JL, Skare S, Ashburner J (2003) How to correct susceptibility

distortions in spin-echo echo-planar images: Application to diffusion tensor
imaging. Neuroimage 20: 870-888.

17. Blaimer M, Breuer F, Mueller M, Heidemann RM, Griswold MA, et al. (2004)

SMASH, SENSE, PILS, GRAPPA: How to choose the optimal method. Top
Magn Reson Imaging 15: 223-236.

18. Le Bihan D, Poupon C, Amadon A, Lethimonnier F (2006) Artifacts and pitfalls

in diffusion MRI. J Magn Reson Imaging 24:478-488.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

. Basser PJ, Pierpaoli C (1996) Microstructural and physiological features of

tissues elucidated by quantitative-diffusion-tensor MRI. J Magn Reson B 111:
209-219.

Westin CF, Peled S, Gudbjartsson H, Kikinis R, Jolesz FA (1997)
Geometrical diffusion measures for MRI from tensor basis analysis. In:
ISMRM 97. 1997: 1742.

Westin CF, Maier SE, Mamata H, Nabavi A, Jolesz FA, et al. (2002) Processing
and visualization for diffusion tensor MRI. Med Image Anal 6: 93-108.

Madler B, Drabycz SA, Kolind SH, Whittall KP, MacKay AL (2008) Is diffusion
anisotropy an accurate monitor of myelination? Correlation of multicomponent
T2 relaxation and diffusion tensor anisotropy in human brain. J Magn Reson
Imaging 26 : 874-888.

Beaulieu C (2009) The biological basis of diffusion anisotropy, in diffusion MRI:
From quantitative measurement to in vivo neuroanatomy. Elsevier. San Diego,
California, USA.

Zhu FP, Wu JS, Song YY, Yao CJ, Zhuang DX, et al. (2012) Clinical application
of motor pathway mapping using diffusion tensor imaging tractography and
intraoperative direct subcortical stimulation in cerebral glioma surgery: A
prospective cohort study. Neurosurgery 71: 1170-1184; discussion 1183-1174.

Hofling AA, Kim JH, Fantz CR, Sands MS, Song SK (2009) Diffusion tensor
imaging detects axonal injury and demyelination in the spinal cord and cranial
nerves of a murine model of globoid cell leukodystrophy. NMR Biomed 22:
1100-1106.

Moseley M (2002) Diffusion tensor imaging and aging: A review. NMR Biomed
15: 553-560

Hugenschmidt CE, Peiffer AM, Kraft RA, Casanova R, Deibler AR, et al. (2008)
Relating imaging indices of white matter integrity and volume in healthy older
adults. Cerebral cortex 18: 433-442.

Trivedi RR, Gupta RK (2008) Review: Clinical application of diffusion tensor
imaging. Indian J Radiol Imaging 18: 45-52.

Wieshmann UC, Clark CA, Symms MR, Barker GJ, Birnie KD, et al. (1999)
Water diffusion in the human hippocampus in epilepsy. Magn Reson Imaging
17:29-36.

Brunberg JA, Chenevert TL, McKeever PE, Ross DA, Junck LR, et al. (1995) In
vivo MR determination of water diffusion coefficients and diffusion anisotropy:
Correlation with structural alteration in gliomas of the cerebral hemispheres.
AJNR Am J Neuroradiol 16: 361-371.

Rajagopalan V, Allexandre D, Yue GH, Pioro EP (2011) Diffusion tensor
imaging evaluation of corticospinal tract hyperintensity in upper motor neuron-
predominant ALS patients. J Aging Res 2011: 481745.

Rajagopalan V, Yue GH, Pioro EP (2013) Brain white matter diffusion tensor
metrics from clinical 1.5T MRI distinguish between ALS phenotypes. J Neurol
260: 2532-2540.

Alexander AL, Hasan KM, Lazar M, Tsuruda JS, Parker DL (2001) Analysis of
partial volume effects in diffusion-tensor MRI. Magn Reson Med 45: 770-780.

Pierpaoli C, Basser PJ (1996) Toward a quantitative assessment of diffusion
anisotropy. Magn Reson Med 36: 893-906.

Basser PJ, Jones DK (2002) Diffusion-tensor MRI: Theory, experimental design
and data analysis: A technical review. NMR Biomed 15: 456-467.

Zhang F, Hancock ER (2006) Riemannian graph diffusion for DT-MRI
regularization. Medical image computing and computer-assisted intervention:
MICCAI international conference on medical image computing and computer-
assisted intervention 9: 234-242.

Poupon C, Clark CA, Frouin V, Regis J, Bloch I, et al. (2000) Regularization of
diffusion-based direction maps for the tracking of brain white matter fascicles.
Neuroimage 12:184-195.

Jones DK, Griffin LD, Alexander DC, Catani M, Horsfield MA, et al. (2002)
Spatial normalization and averaging of diffusion tensor MRI data sets.
Neuroimage 17: 592-617.

Park HJ, Kubicki M, Shenton ME, Guimond A, McCarley RW, et al. (2003)
Spatial normalization of diffusion tensor MRI using multiple channels.
Neuroimage 20(4): 1995-2009.

Stejskal EO, Tanner JE (1965) Spin diffusion measurements: Spin echoes in
the presence of a time-dependent field gradient. J Chem Phys 42: 288-292.

Tanner JE, Stejskal EO (1968) Restricted self-diffusion of protons in
colloidal systems by the pulsed-gradient, spin echo method. J Chem Phys
49: 1768-1777.

Brain Disord Ther, an open access journal
ISSN: 2168-975X

Volume 6 « Issue 2 + 1000229


http://dx.doi.org/10.1016/S0006-3495(94)80775-1
http://dx.doi.org/10.1016/S0006-3495(94)80775-1
https://www.elsevier.com/books/diffusion-mri/johansen-berg/978-0-12-374709-9
https://www.elsevier.com/books/diffusion-mri/johansen-berg/978-0-12-374709-9
http://dx.doi.org/10.1097/RMR.0b013e31823e65a1
http://dx.doi.org/10.1097/RMR.0b013e31823e65a1
http://www.sciencedirect.com/science/article/pii/S1064186684710375
http://www.sciencedirect.com/science/article/pii/S1064186684710375
https://www.elsevier.com/books/introduction-to-diffusion-tensor-imaging/mori/978-0-444-52828-5
https://www.elsevier.com/books/introduction-to-diffusion-tensor-imaging/mori/978-0-444-52828-5
http://dx.doi.org/10.1002/cmr.a.20048
http://dx.doi.org/10.1002/cmr.a.20048
http://dx.doi.org/10.1002/cmr.a.20049
http://dx.doi.org/10.1002/cmr.a.20049
http://dx.doi.org/10.1002/cmr.a.20049
http://dx.doi.org/10.1002/cmr.a.20050
http://dx.doi.org/10.1002/cmr.a.20050
http://dx.doi.org/10.1002/cmr.a.20050
http://dx.doi.org/10.1016/j.cmpb.2005.08.004
http://dx.doi.org/10.1016/j.cmpb.2005.08.004
http://dx.doi.org/10.1016/j.cmpb.2005.08.004
http://dx.doi.org/10.1016/j.neuroimage.2004.07.051
http://dx.doi.org/10.1016/j.neuroimage.2004.07.051
http://dx.doi.org/10.1016/j.neuroimage.2004.07.051
http://dx.doi.org/10.1148/rg.26si065510
http://dx.doi.org/10.1148/rg.26si065510
http://dx.doi.org/10.1148/rg.26si065510
http://dx.doi.org/10.1148/rg.26si065510
http://dx.doi.org/10.1016/B978-0-12-396460-1.00001-9
http://dx.doi.org/10.1016/B978-0-12-396460-1.00001-9
https://www.google.co.in/url?sa=t&rct=j&q=&esrc=s&source=web&cd=2&ved=0ahUKEwjTyaSEyo_TAhVHgI8KHYKXDK8QFggdMAE&url=http%3A%2F%2Fonlinelibrary.wiley.com%2Fdoi%2F10.1002%2Fmrm.1910390223%2Fpdf&usg=AFQjCNHBboTwl-_Gi6niwXEVMKxDCcDkRg&bvm=bv.152174688,d.c2I
https://www.google.co.in/url?sa=t&rct=j&q=&esrc=s&source=web&cd=2&ved=0ahUKEwjTyaSEyo_TAhVHgI8KHYKXDK8QFggdMAE&url=http%3A%2F%2Fonlinelibrary.wiley.com%2Fdoi%2F10.1002%2Fmrm.1910390223%2Fpdf&usg=AFQjCNHBboTwl-_Gi6niwXEVMKxDCcDkRg&bvm=bv.152174688,d.c2I
http://dx.doi.org/10.1016/j.mri.2008.03.005
http://dx.doi.org/10.1016/j.mri.2008.03.005
http://dx.doi.org/10.1016/j.mri.2008.03.005
http://dx.doi.org/10.1016/S1053-8119(03)00336-7
http://dx.doi.org/10.1016/S1053-8119(03)00336-7
http://dx.doi.org/10.1016/S1053-8119(03)00336-7
http://dx.doi.org/10.1097/01.rmr.0000136558.09801.dd
http://dx.doi.org/10.1097/01.rmr.0000136558.09801.dd
http://dx.doi.org/10.1097/01.rmr.0000136558.09801.dd
http://dx.doi.org/10.1002/jmri.20683
http://dx.doi.org/10.1002/jmri.20683
http://dx.doi.org/10.1016/j.jmr.2011.09.022
http://dx.doi.org/10.1016/j.jmr.2011.09.022
http://dx.doi.org/10.1016/j.jmr.2011.09.022
http://www.bibsonomy.org/bibtex/286cfe4e41f5518d3348b4f99dfed8850/bmeyer
http://www.bibsonomy.org/bibtex/286cfe4e41f5518d3348b4f99dfed8850/bmeyer
http://www.bibsonomy.org/bibtex/286cfe4e41f5518d3348b4f99dfed8850/bmeyer
http://dx.doi.org/10.1016/j.mri.2008.01.047
http://dx.doi.org/10.1016/j.mri.2008.01.047
http://dx.doi.org/10.1016/j.mri.2008.01.047
http://dx.doi.org/10.1016/j.mri.2008.01.047
https://www.elsevier.com/books/diffusion-mri/johansen-berg/978-0-12-374709-9
https://www.elsevier.com/books/diffusion-mri/johansen-berg/978-0-12-374709-9
https://www.elsevier.com/books/diffusion-mri/johansen-berg/978-0-12-374709-9
http://dx.doi.org/10.1227/NEU.0b013e318271bc61
http://dx.doi.org/10.1227/NEU.0b013e318271bc61
http://dx.doi.org/10.1227/NEU.0b013e318271bc61
http://dx.doi.org/10.1227/NEU.0b013e318271bc61
http://dx.doi.org/10.1002/nbm.785
http://dx.doi.org/10.1002/nbm.785
http://dx.doi.org/10.1093/cercor/bhm080
http://dx.doi.org/10.1093/cercor/bhm080
http://dx.doi.org/10.1093/cercor/bhm080
http://dx.doi.org/10.4103/0971-3026.38505
http://dx.doi.org/10.4103/0971-3026.38505
http://dx.doi.org/10.4061/2011/481745
http://dx.doi.org/10.4061/2011/481745
http://dx.doi.org/10.4061/2011/481745
http://dx.doi.org/10.1007/s00415-013-7012-1
http://dx.doi.org/10.1007/s00415-013-7012-1
http://dx.doi.org/10.1007/s00415-013-7012-1
http://dx.doi.org/doi/10.1002/mrm.1105
http://dx.doi.org/doi/10.1002/mrm.1105
http://dx.doi.org/10.1002/mrm.1910360612
http://dx.doi.org/10.1002/mrm.1910360612
http://dx.doi.org/10.1002/nbm.783
http://dx.doi.org/10.1002/nbm.783
http://dx.doi.org/10.1007/11866763_29
http://dx.doi.org/10.1007/11866763_29
http://dx.doi.org/10.1007/11866763_29
http://dx.doi.org/10.1007/11866763_29
http://dx.doi.org/10.1006/nimg.2000.0607
http://dx.doi.org/10.1006/nimg.2000.0607
http://dx.doi.org/10.1006/nimg.2000.0607
http://dx.doi.org/10.1063/1.1695690
http://dx.doi.org/10.1063/1.1695690
http://dx.doi.org/10.1063/1.1670306
http://dx.doi.org/10.1063/1.1670306
http://dx.doi.org/10.1063/1.1670306

	Title 
	Corresponding author
	Abstract
	Keywords
	Background and Purpose
	Understanding DTI Mathematics
	Brief explanation of the term DTI
	Why use DTI?
	Understanding DTI using the matrix notation of the diffusion constant
	Understanding the physical and mathematical description of the tensor
	Imaging
	DTI Image Processing
	Oblique angle correction
	Susceptibility artifact correction
	Eddy current distortion correction and motion correction
	Rotating the gradient table (B vector)
	Fitting the data
	DTI metrics (derived from the eigenvalues) and their interpretation in pathological tissue
	Artifacts, noise in Diffusion MRI
	Normalization to template/Atlas images

	Conclusion
	Figure 1
	Figure 2
	Figure 3
	Figure 4
	Figure 5
	Figure 6
	References

